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CHAPTER 1 


IHTRODUCTIOH 

1,1 A function f(z) is said to be univalent (or sehlicht) in a 
domain D, if for any two points and z^ of D we have 

f(z^) = fCzg) only if z^= Zg* A fvuiction which is regular and 
univalent in the unit disc I)*={z: |z| <1} may be normalized by the 
conditions f(o) = 0 and f '(o) = 1 • The normalization of a function 
is not an essential restriction, for, if f(z) is univalent, so is the 
function g(z) = , We shall denote by S the class of all 

analytic functions f(z) which are regular in D and which are normalized 
by the conditions f(o) = 0 and f*(o) = 1. The Taylor expansion of 
such a function about the origin has the fcrm 

2 3 

(l.1»l) f(z) = z + agZ + ... 

The origin of the theory of univalent functions can be traced to 
a- paper by P, Koebe in 1907 on the unifoimization of algebraic curves [17], 
In this paper Koebe proved in particixiar that there is a constant K 
(called koebe constant) such that the boundary of the map of jzj < 1 by 
any function f(z) e S is always at a distance not less than K from 
f(z) = 0, Koebe’s work was followed by a number of eminent mathematicians 
(Gronwall [12] , Eaber [9] , Bieherhach [5] and others.) In 

partic'ular, Eieberhach in 1916 obtained that K = 1/4, which could also 
be found from the results of Gronwall [12].Bieberhach also found that 
la^i 1,2 for f(z) e s. Since the equality in above result is attained 

* Hereinafter we shall denote the unit disc |zl < 1 by D 
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for the functions (iCoebe functions) 

(1.1.2) ^(2) = z (1 + e^^z) ^ , 

0 real, and also ja^j = n, n = 2,3? ••• for the above functions. It was 
conjectured by Eieherhach that 

(1.1.3) |a^l < n, n = 2,3, 

00 

for f(z) = z + a z e S and equality is attained only for Koebe 

n=2 

functions. TJptil now conjecture has been settled for n = 2, 3, 4, 5 and 6 
by Bieberhach [5] , Lowner [23] , G-arabedian and Sshiffer [10] 

R.H. Pederson [28] and R.N. Eederson and Schiffer [29] . But in 
general the inequality (1.I.3) still poses an open problem. 

Failure of establishing the Eieberbach conjecture gives lase the 
investigation of various subclasses of S. lirst important subclass S 
is the class of convex functions. 

A region E is said to be convex if the line joining any two points 
of E lies wholly in E. A ftinction f(z) e S is said to be convex in D 
if f(z) maps B onto a convex domain. Denote by C(a) the class of 
all functions f(z) which satisfy the condition 

(1.1.4) Re {1 +. ^1^ } > a for z e D. 

Functions in the class C(a) are known as convex functions of order a , 

0 a < 1. 

A region E containing the point w = 0 is said to be starlike 
with respect to point w=0 if the line segaent joining w=0 to any other 
point of E lies completely in E. A function f(z) e S is said to be 
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starlike in D if f(z) maps D onto a starlike region. Denote by 
S*(a) the class of f-unctions f(z) e S which satisfy the condition 

(1.1.5) Re {-Ei—lSi.} > a, 2 e D. 

fCz) 

Functions in the class S (a) are known as starlike functions of 
order a,0^a<1. 

It follows immediately that a necessaiy and sufficient condition 
for f(z) e S to map D onto a convex domain is that zf’(z) map D 
onto a starlike domain with respect to origin. 

A class wider than the class of starlilce functions is the class 
of Spiral~like functions introduced by D. Spa^iek [35] in 1932. Spa^^ek 
essentially showed that a function f(2) e S is spiral like in D if 

(1.1.6) Re > 0, jcj = 1, z e D. 

f(z) 

If we replace C by e^ , jaj ^ ir/2 , then f is called mivalent 
a-spiral function introduced by R.J. Libera [20] . Clearly starlike 
functions are also a-spiral functions with a = 0. We denote class 
of a-spiral functions by S(C‘). 

Another class wider than that of star-like functions is the 
class of close-to-convex functions, which we shall denote by K. Ihis 
class of close-to-convex functions has been introduced by W. Kaplan [16], 
If’ f(z) is analytic in D, then f(z) is close-to-convex if there 
exists a function 4>(z) e C such that 


(1.1.7) 


Re {^}>0 for z e D. 

4 *’ ( 2 ) 
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This class of fmctions includes the class S . Kaplan [16] also 
characterized close-fo -convex functions, without reference to a 
convex function. Hius, f(z) is close-to-convex if and only if 

, ^ f^2 zf’fz') 

(1.1.8) / Re {1 + de > -TT 

01 ^’( 2 ) 

i A 

where 6^ < ^ 2 * z = te and r < 1, 

Some analogovis extensions ( [15] and [19] ) of classed 

C(ot), S*(a) and K are also carried over to the meromorphic univalent 
functions which are regular in the unit disc except at a point z = 0. 

let M(cit) be the class of all meromorphic imivalent functions 

1 2 

(1.1.9) f(z) = — + a^+ a^z + a^z + 

which satisfy the condition 

(1.1.10) - Re {1 + } > a for z s D. 

Denote by 2*(oi) the class of functions of the foim (1.1.9) which 
satisfy the condition 

(1.1.11 ) - Re > a , z e D. 

functions in the classes M(a) and I*(a) are known as 
meromorphic convex and starlike functions of order a > < 1, 

respectively. 

1.2 Out lines of the thesis . 

Usually the following types of probloas are studied for the 


univalent ftnactions: 
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(a) Distortion theorems, i.e, , determination of upper and lower 
estimates for 

|f(2)| , |f'(z)| and l-^^l . 

(b) Coefficient estimates. 

f(z) 

(c) Bounds for arg { } and arg {f*(z)} • 

(d) Hadii of univalency, starlikeness and convexity. 

In the present work, we have mainly restricted our investigations 
to the problems of type (d) for certain subclasses of univalent functions 
and meromorphic univalent functions. 

In a recent paper R.J. Idbera and A.E. Livingston [21] 
determined the disc in which 

(1.2.1) f{z)=-l [zP(z)]' 

(where I'(z) e S (c) ) is starlike of order g if, 0 < a < 6 < 1. 

They wore unable to obtain suitable results for the complementary case, 
i.e., when g < a« In the 3rd section of the chapter two we give a 
method which covers both the cases. The technique used here are the 
modified forms of the techniques used by V. Sin^ and E.M. Goel [34] 

We have also detemined the disc in which f(z) e S*( a) is convex of 
order g,0_<B<1. In the 5th and 6th sections of this chapter 
we have determined the radii of convexity and starlikeness for some 
classes of regular functions in D . In the last section of this 
chapter the radius of convexity of the class defined by D.J. Wri^t [37] 
has been determined. In particular the results of this chapter include 
the results of R.J. Libera and A.E. lAvingston [21] , Y.A. ZmoTOvi? [39] , 
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V. Singh and R.M. Goel [34] j J.S. Eatlii [30] ; B.J. Wright [37] 

and Ram Singh [32] . 

In the 3rd section of the chapter three the radius of convexity 
for the class r*(a) is determined. Some radius of starlikeness 
problems for the class of me3X)morphic functions have also been studied 
in this chapter. In the special cases the results of V.l. ZmoroviJ? [39] 
and K.S. Padmanabhan [27] follow from the results of this chapter. 

3rd section of the chapter four deals with the determination 

of the effect of second coefficient on the radius of starlikeness of 

2 

f(z) = p(z) - 1 = 2az + a^z +... where p(z) is regular, 

Re {p(z)} > a, 0 ;Sa<-ij inD and j a] < 1 - a , In the ivth and vth 
sections of this chapter the effect of second coefficimt on the radii 
of convexity and starlikeness of the functions f(z) e and f(z) of 
the form (1.2.1 ) has been investigated respectively. In particular 
results of this chapter include the results of R. S. Gupta [13] 
and A.E. Idvingston [22] . 

In the last chapter of this -work the effect of dropping first 
(n-1 ) coeficients of Taylor expansion of a function about origin 
on the radii of convexity and starlikeness of certain classes of 
analytic functions is determined. In particular results of this 
chapter include the results of S.K. Bajpai & R.S.L, Srivastava [3]^ Caus^ 
and Merkas[7], J.S. Ratti[31],[30],I).J. 'sfri^t [37] and Ram Singh [32] . 



CHAPTER 2 


THE R.4jjII OP COHVESITI AHH STAELIKENESS 

2.1 Let S denote the class of regular and univalent fvinctions 

CO 

V' JD. 

f(z) = z + \ & z'' in D = {z: | z j < 1 } . Por fixed a , 0 £ a < 1, 

n=2 

let S*(a ) denote the subclass of S consisting of functions f(z) 
satisfying the condition 

(2.1.1) Re > a for z e L. 

f(z) 

Por fixed a, 0 ’^o.< 1, let C(a) denote the subclass of S consisting 
of functions f(z) satisfying the condition 

(2.1.2) Re {1 + > a for z e L. 

Functions in the classes S*(ot) and 0(a) are known as 
starlike and convex functions of order a respectively. 

Vjj denotes the class of fimctions 

(2.1.3) g(z) =■! (P(z) + zP'(z)) 

where P(z) e S*(«). 

Let P(“) be the class of factions 

2 

(2.1.4) p(z) = 1 + c^z + c^z +... 

which are regular in D and have real part greater than a, 0_<a < 1,in D 


M stands for the class of functions 
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(•2.1.5) mz) + 2P'(z)] 

where g(z) e C, S*(a ) or e p(3) and P(z) s s-^(y). 

Let R represents the class of functions r(z) such that 

(2.1.6) r'(z) = f<( 2 ) h(z) 

Where h(z) e P(a) and He f -(.) > 0, f(z) e S-(. ) or f(z)eC(a). 

t'M and r'{.) stand fon the derivatives of f(a) and r(s) respeotlven, 
Let H(a) be the class of functions 

(2.1.7) 

catisfying the condition 


^’(z) = z + a 2 Z^+ ... 


(2.1.8) “11 < a , CO < a < 


1) for z e D. 


R and 


In this chapter the radii of convexity of classes S^ce), 

H(a) and radii of starlikeness of classes and M are deteimined. 

2.2 We start ^ ^ro;^ ^ I^nowjng lemmas . 

Lemma 1 : let 


(2.2.1 ) HCz) = -T - — 

l+z<J>Cz) l+bztj^Cz) Cl+z^Cz)3Cl+b2(f!Cz)) 

Ks) isreama^ lMs)|<, inD, ^ ^ 

|z| = r, 0 <r< 1j 


( 2 . 2 . 2 ) Ee {h(z)} < + ( 1 - ab ) r 

~ (1 - r) (1 - br) 


and 
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(l +ab+2b )( 1~r )+2(l-b) 2 (l+a)(l+b)(l-br*^ 

(1-b) (1-r^) 1-r^ 


(2.2.3) Re{H(z)} > 


for ^ 


a-l + (ab-1 )r ^ 

—r — for u < 

(l+r) (l+br) ^ 


, 1 r /(l+b) (l-br'^) 1 

Proof : Prom (2.2.1) we have 

(2.2.4) Re {HCz) } 5 Re ‘l*b24C^> 

(l-b)(|z|^ - U4(z)p) 

-!* '* " ■■ II . - .I M. ,.ll ^ 

Cl-|zl2) Cl+z<J)C 2 )l |(l+bz<i)Cz)l 


Bie above inequality has been obtained by using the well-known result 


(25, 168] 


(2.2,5) 


<|>'(z)! 


1 ^ U(z)j' 


1 - z 


let }zl = r and f+ilTD’”^ ® ^ then u satisfies 


(2,2.6) 


Prom (2.2.4) we have 


— < — 

P 1- zl^ 


(2.2.7) Ee {H(z)><Ca u cos v - M cos v 

u (l-b) + 2b(l-b)u cos v+b 

2 2 2 

^ (1-b) (r‘ U - 14 - 2 U cos V-U ) j 

(l-r^)/{u^(l-b)^+ 2b(l-b)u cos v + b^) 

= G(u,v,r) (say.) 
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Diff. G partially -with respect to t v;e obtala 


(2,2,8) 


b(b^-(l-b)V) 

u sxn T {a - ^ 

{u (l-b) + 2b(l-b)u cos v + b }‘^ 


2 (1-b. 


(l-r^){u^(l-b)^+ 2b(l-b)u cos t + 


b ( 1 -b )^ ( -1 +2u cos y-u^^ 


(l-r^){u^(l-b)^+ 2b(l-b)u cos v + 


Since |z{*f(z)| _< r for |z| =r and \z^{z)\ = 


2 1 -2u cos r + u 


we can easily conclude that 


(2.2.9) 


2 2 2 
r u - 1 + 2u cos T - u > 0 


and from (2.2.6 ) 


1 1 
-r— < u < — , 
1 +r — — 1 -r 


Ollhe quantily within square brackets of (2.2.8) is positive for positive 

values of b, Por negative b the minimum of the quintity within square 

brackets of (2,2,8) is attained at sne of the end points of the interval 
1 1 

^ T+r * also values at these points are positive*. Hence maximum 

of G occurs at v = 0, Putting v = 0 in (2.2.7) we have 

(2,2,11) g(u,r) 5 G(u,0,r) 

2 2 
1 +r , / ^ ^ 1 +br 

+ u(a-i ) - 

1-r (l-r ) (b+(l-b)u) 

Olhe above expression for g(u,r) allows us to claim that it is an 
monotone increasing function of u, therefore its maximum occxirs at 


(2.2.12) 


'^2 ~ l-r 


if5 Amiol 4'^ 
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(2.2.13) 


g(u2jr) 


a-1 + ( 1 -ah )r 
(1-r) (l-br) 


Ihus the proof of the first part is complete. 

Now using ( 2 . 2 . 5 ) in (2.2.1) and by taking [z|= r and 

T+ ~ z]i " ( ' z )' ~ ^ have 

hu+(l-b3u^ + (l-b) 

( 2 . 2 . 14 ) Re{HCz)} > [au — ^ 

(b+Cl-b)u)'^ + (l-b) 2 

(l-b) {r^(u2+v^)-Cl-u)^-v^} 

- 3 = L(u.v,r) (say.) 

(l-r2) /(b+(l-b)u)2+Cl-b)2v2 


Diff. L w.r.t. V partially we obtain 


( 2 . 2 . 15 ) 


9L 

3v 


-2b(l-b) (b+(l-b)u) 2(l-b) 

{(b+(l-b)u)2+(l-b)V}2 /ar+Tl-b)u) 2 + (l-b) 2v2 


+ 


(l-b)^(r^ (u^+v^)-(l-u)^-v^ ) ^ 

Cl-r2) { (b+ (l-b)u) 2+ (l-b) 2v2 }5/2 


Minimum of L occin-s at v = 0 because quantity within square brackets 
of ( 2 . 2 . 15 ) is strictly positive in view of (2.2.9) and (2.2.10). On 
putting V = 0 in (2.2.14) we obtain 


^■(ujr) = L(u,0,r) = 


au - 


(l-b) (r^u^-(l-u)^) 
(l-r^) (b+(l-b)u) 


= - ( ^ + ^ ) + (a+1 )u + 

1-r 


(1+b) (l-br^) 

( 1-r^ )( 1 -b )(b+( 1 -b )u) 


Absolute minimum of SL in (O, «>) is attained at 


b + (l-b) u 
' 0 


I (14-6) (l-br^) 

4 (l+a) (1-rb 
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(2.2,16) 


b /{l+a)(l-r^) 


1 1 

provided e equal to 


(2.2.17) H(u ,r) a - I l aM? . b .. ) ,, ( . 1-r^it2 , (j-b) ^ ^ I (l4-a)(1 4-b)( 1 -to")) 


(1-b) (l-r‘) 


It is easy to check that but u^ is not always greater than 

1 11 
-r— . In such a case when u i [q— , t — ] the minimum of ^■(u.r) 
1+r o^ l+r l-r \ 7 / 

1 1 

on the segment [y^ ? attained at 


(2.2. 18) 


1 1+r 


and is egirnl to 


(2.2.19) ^(u.|,r) 


a-1 4- (ab-1 ) r 
(l+r) (l+br) 


(2.2.20) £(u ,r) = 


for such values of a and b for which 


(2.2.21 ) u = u., 

o 1 


Lemma 2: If p(z) e p(a ) and | z | _< r < 1 , then 


(2.2.22) Re < y -— -y-. 

^ ^ p(z) - (1-r) (l-(2a-l)r. 


1 + Cl-2a) ez 

(2.2.23) pCz) = , [e 1 = 1. 

1 - ez 


11*00 f ! Since p(z) e P(a ) there exists a function w(z) = z^{z) 
satisfying Schwarz "s lemma such that 
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(2.2.24) 


p(z) 


1+ (2a-1 ) z4(z) 
+ z <|>( z ) 


'logarithmc diff. of (2.2.24) yields 

) zp»(2) _ 1 1 2Cl-a) z^(i)«( 2 ) 

(2.2.25 viz) l+z<t)(z) 1+ (201-1) 24 (z) Cl+z4i(z)) (l+(2a-l) z4(z)) 


Taking a = 1,b=2a-1 in (2.2.2), we obtain (2.2.22). 

The above lemma has also been proved by R.J. libera [18] by using 
different technique. 

Lemma 3* Let a satisfy 0 _< a < 1 . Let r(ot) denote the root unique 
in (2~*^1 ] of the equation 

(2.2.26) (l- 2 a) r^-3 (l- 2 a) vK 3r-l = 0. 

If p(z) £ P(®), then for jz| ^r < 1 

- 2rCl-a) 

(l+r)(l+C2a-i)r) 

(2.2.27) PeCiElIfl) > for 0 < r < r(a) 

p(z) “ - - 

and — . 

(A+(l-2a)r^ - /a(l-r^))^ 

- — — for r(a) < r < 1. 

_ (1-a) (1-r^) 

Equality sign in the first inequality of (2.2.27) occurs for the 
function given by (2.2.23) for 0 ^r <_r(a) and that in the second 
inequality for the function 

l-2aXez (2a-l)e^ 

(2.2.28) p(z) = — , |el = 1 

l-2eXz + tT 


for r(ot) ^r < 1, where 
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A = 


2r 


1 


-r 


2 


Cl-r^)3/2 l+(i-2a3r“ , ,, 

C 

2rCl + r2) “ 


a > 0 


Proof : ITom (2.2.25) 


zp* (z) _ 1 1 2 (l-g) (z) 

pCz)' l+z4>Cz) "* l+C2a-l)Z(f)Cz) ” Cl+z(}>(z)) (l+(2a-l) Z(i)(z)) 


faking a = 1, b = 2ct-1 in (2.2.3) 

-2rCl-a) 


(2.2.29)Re{i£l[^> 
Ptzj - 




(l+r) Cl+C2a-l)r) 


.,£or Ug < 


(/l+(2a-l)r2 - /a(l-r^))^ 
(1-a) Cl-r23 


> for Uq > 


{ k lzl a-- . 1 - kJ -(2„-l)}ana u,=:k. 

^ (1-r^) ^ 


fhe first and second inequalities of (2.2.29) becomes equal for such 
values of a for which 




i . e . I 


q(l-(2a-1 )r^) 

1-r 


(l+(2a-1 )r)‘' 
1 +r 


or 

7* O 

g^(a,r) = (l-2a)r^- 3(l-2a)r + 5r-1 = 0 

g^(a,r) is a strictly increasing function of r,0 £r < 1, for each a , 
0 < a < 1 . 

g^(“,(2-»^)= 2(l-a) (5-3 v5) <-0 

g^(«»1 ) = 4a > 0. 

fhus g^(a,r) has unique root r(a) in ( 2 -» 5’>13 • 

Hence proof of the lemma is complete. 
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The above lemma has also been proved by V.A. Zmorovic [40] 
by using different techniques. 

lemma 4. let p(z) s P(a) and |z| <_ r < 1 , then 

(2.2.30) Be {p(z) } > 

egmlity occurs in (2.2.50) only for functions of the form (2.2.23). 
Proof of the above lemma is simple and hence omitted, 

lemma 5. let a satisfy 0 < a < 1 • let r^ (a) denote the root unique 

-<1 

is ( "2 » ^ 3 equation 

(2.2.31) a(2a-l3 + a(7-2a) + (5-4a) r - 3 = 0. 


If g(z) e V , then for jzij = r, 0<r< 1, 


( 2 . 2 . 32 ) Re (z) > < 


1 + C2-4a) r+aC2a-l) 


(1-r) (1-ar) 


(2.2.33)Rc{^Sl^> > 
gCz) “I 


»^(l+a) C4-2a) a -1-a} 

x**ci 

for TjCa) f < 1 » 

l-(2-4a)r+a(2a~l)T^ 
(i+r) Cl+ar) 

for 0 ;5_ r » 


where a = 


1“ ar 
l-r^ 


* Equalilgr sign In (2.2.52) and the second inequality 


of (2.2.33 ) is attained for the function 


2(1^ 


(l+z) 


(2.2.34) 


p(z) = 
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for 0 Ir £ r^(“) 

and that in first inequality for the function 
( 2 . 2 . 35 ) PCz) = z (l~2bz + + a 


for r^(a) £ r < 1 
where b is deteimined from 


( 2 . 2 . 36 ) 


1 ~ br ar* _ O+ct) a _ p 

l-2br + 0 


Kroof t Since P(z) e S*(a) there exists a function w(z) = z^(z) 
satisfying Schwarz’s lemma such that 


(2.2.37) 

!nb,erefore 


zF’U) ^ 1+(2a-»1 ) z^(z) 
i’C^ 1 + 2^(2) 


z e I. 


.(.) = P(.) 3 


Diff. g(z) logarithmically w.r.t. z and then using (2.2.37) 


( 2 . 2 . 38 ) 2 a-l + I (l-a)z^^»(z) 

gCz) 1+z^Cz) l+az({)C2) (l+z^iCz)) (l+az<|>(z)) 

faking a =3-2a and b = a in (2.2.2) and (2.2.3), we get (2.2.32)and 

'-1— { /(l+o) (4-2a3 a - 1 - a} 

1-a 

for Uq £ j 

l-(2-4a)r ■* a (2a- l) 

(l+x) (i+ar) 

for Uq £ Uj 


(2.2.39) > 

gCz) - 
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^ 1 / ; ( 1 +CS ) a „ \ 1 1 

vitoere u = -z — i! ■■ ■• ■ . aj- and u. = z — 

0 1-a 4-2 a 1 1+r 

Mrst and second inequalities of (2.2.39) become equal for such values 

of a for which 

u = u^ , 

0 1 * 

2,9 Sm ^ 

( 1 -gr _ (l+g) (l-oo?^) 

1-r “ (4-2a) (l+r) 

or 

g2(“j^) = 0(20-1) + a( 7 - 2 a) r^+ ( 5 - 4 o) r - 5 = 0 

It is easy to check that (a, r) is a strictly increasing fmction 

of r, 0 ^ 1} for each ct,0£.a<1. 

= - “4" - 8 “ --<0 and 
g^(a,1 ) = 2(1 -a) >0 

Thus g 2 (a, r) has an unique root r^ (0) in ( -^,1 ] . 

Hence proof of the lemma is complete. 

2.3 Radius of starlikeness for the class . 

•<1 

Theorem 1 ; Iiet g( z ) e and r^ ( ® ) the root , unique in ( "^ j 1 1 
of the equation (2.2.31 ). Then g(z) is starlike of order g for 
j z I < > where r^ , in the mallest positive root of the equation 

(2.3.1) l-e+ ( 2 ( 2 a-l) - BCl+o)) r + a( 2 a-g-l) = 0 

M 0 1 1 

and of _^_e equation 



18 


(2.3.2) a2 + {gCl-a) - 2Cl+a-a2)} a + {1 + Kkc0}2 q 

2 

1-ci ^ 

if. 2:.j (a) ^ r^< 1 , where a = . [this result is sharp . 


Proof ; Since g(s) e from Lemma 5 we get 


(2.3.3) 


,, , 1 - C2-4a) r + aC2a-l) r^ 

Re - 6> > — — S 

S(^) (1+r) (1+ar) 

1-B + C2C2a-l)-B(l+a))r+aC2a-6-l) 


(l+r) (1+ar) 


if 0 5. r ;< r.j(a) , 
and 


(2.3.4) Re - 6} > -^ {/(l+)3)‘C4-2a) a - 1 - a - 

g(z) - 1-a 2 

if r.| (a) ^ r < 1 . 
lEierefore 

(2.3.5) Re - 6} > 0 if 

gCz) 

(1-6) + (2(2a-l)-6(l+a)) r + a(2a-6~13 > 0 

and 

(2.3.6) a^ + (3(1-0) - 2 (l+a-a2)}a + (1 + > q 

(2.3.5) is valid only viiien 0 < r < r < r.,(ct) and 

(2.3.6) is valid only when 3r.j(a) ^r r^ < 1. 

Lhe equality sign in (2.3.3) is attained for the function given hy 
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(2.2.34) and that in (2.2,4) for the function given by (2.2.55). 

!5y taking B = 0 in (2.3.1 ) and (2.3.2) we obtain 
Hieorem 3*2 of V. Singh and E.M. Gfoel [34] as a corollary of the 
above Theorem. 

One can easily see that the Theorem 1 of libera and Livingston [21] 
follows from (3*1 ) which they obtained tmder the restriction a < 3 < 1. 
Thus if 6 = 0, a has to be zero. In our case if 3 = 0, ct need not 
be zero, 

Note : Lemma 5 and Theorem 1 are to appear [i] 

2.4 Radius of convexity for the class S*(a ). 

Bieorem 2: K f(z) e S*(a), and r*(o‘) the root, inique in (2./5}l ] j 
of the equation 

(2.4.1) -C2a-l)Cl-a)r^ + C2a-1) C3-a)r^ + (3-2a)r -1 = 0. 

Then f(z) ^ convex of order 3 ■ for jz] < r^ , where r^ ^ the 
smallest positive root of the equation 

(2.4.2) 1-3 - C4+2a3-6a)r + (2a-l) (2c-3-l) = 0 


if 0 ^ r r '(ct), 

and 


(2.4.3) 

if r'(a) 
where a *• 


a'2 + {2e(l-a) - 2aC3-2a3 }a«+{(a+3(l-a) = 0 

< r < 1, 

i-(aot-i 


Hiis result is 
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•P t ( ^ 

R?oof : Since f(z) e S*(a), therefore e P(a). 


Hence 


(2.4.4) 


zf * (z) _ 1+(2a-1 ) z<j>(z) 

f(z ) ~ 1 + Z(j)(z) 


Diff. (2.4.4) logarithmically w.r.t. z and combining it with (2.4.4) 


we get 

1 + ^f"(z) = 2a-l + 1 

f*(z) l+zKz) l+(2a-l)z^(z) 

2(l-a) ( 2) 

Cl+z<J)(z)) Cl+C2a-l)z(j>(z) 
Taking a = 3-2a and b = 2ct -1 in (2.2.3) we get 


(2.4.5) Re{l+' 


zP«(z) 

f’(z) 


-} > 


■:r~ { 21^0 (2 -a) a* - a - a' } 
1-a 

for Uq ^ Uj , 

1- (4-6o)r+ C2a-1) 

(l+r) (i+(2a-l)r3 

for Uq <_ uj 


where u = 


__l__.fi nO'' 

2(i-a ) V' 2-of 


- (2a-l)} . and u- = 


1 

1 +r 


Tirst and second inequalities of (2.4.5) become equal for such values 

of a for which 

u = u. 
o 1 

jL» o » I 

a(l-(2a~1 )r^) ^ (l+(2a~1 )rf 

(2- a) (l-r) 1 + r 

or 

g^(r,a) = -(2a-1 )(l-a)r +(2a-l)(3-a)r +(3-2a)r-1 = 0 
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It is easy to verify that g^{vja) is strictly increasing function of 
r, 0<r<1, for each a, 0 5.'^^ 


g2(2-i^a) = 10-6/3 + 19/53- 33a+ 38 a^- 22 >^a^ < 0 
g2(l ,a) = 2a ^ 0 


Therefore £2(2^? a) iias an unique root r( a) in (2--.'5^ 1 ] . 

Thus (2.4*5) is equivalent to 


{2/a(2-a) a' - a - a* } 

1-a 


(2,4.6) Red + > 

f* (z) - 


for r’ (a) ^ r < 1 , 

1- (4-6a3r+ (2a-l) 
(l+r)Cl+(2a-l)r) 

for 0 < r < r' (ct) . 


Ihom (2.4.6), we have 
Re {1 + 

£’(z) 


1 - (4-6a) r + (2a- 1)^ r^ 

6 } 6 

(1+r) (l+(2a-13r) 

1-B - (4+2a6-6o)r+(2a-l) (2a-B-l)r2 
(1+r) (l+C2c-l)r) 


if 0 r r ’(a), 
and 


Re d + {2/a(2-a)a' - a - a* - S(l-a)} 

if r * (a ) <_ r < 1 . 

Therefore 

Re {1 -8>> 0 if 

, f ’(z) 


( 2 . 4 - 2 ) 



22 


1-e-(4+2aB-6ci) r + (2a-l ) (2a-e-1 )r^ ^ 0. 

and 

( 2 . 4 . 8 ) a*^+ {2B(l-a) - 2ci ( 3 - 20 )} a’ + (a+3(l-.a)}^ ^ 0 

( 2 . 4 . 7 ) is -valid only when 0 -^r ± (a) and 

( 2 . 4 . 8 ) is valid only when r’(a) ;^r :! < 1. 

The equality in (2.4.7) is attained for the function given by 

( 2 . 4 . 9 ) f(z) = z(l-z) 
and that in (2.4.8) for the function given by 

( 2 . 4 . 10 ) f(z) = 2(l-2bz + z^)~^'^“ 

where b is determined by 
1 - 2abr + C2a-1) 

1 - 2br + iP" 

It is easy to check that function given by (2.4*10) is regular in D 
because b e (-1,1) can be easily verified. 

iEy taking 3 = 0 in ( 2 . 4 . 2 ) and (2.4*3) we obtain Iheorem 2 of 
Y.A. Zmorsovife' [39] as special case of Iheorem 2. 

2.5 Inequalities for class R . 

Uo tat ions ; 

Let v(r,a) = fe-Os 


N 


aa' 

2-a 


R’ 

O 


(say.) 


where 
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0 (r,a) = 


-2rCl - a) , . 

(l+r) Cl+C2a-l)x) “ 

for 0 < r < r(a). 


C/l-C2a-l)r^ - /a(l-r2))2 
Cl -a) Ci-r^) 
for rCa) < r < 1. 


= a, Cr,a) 


2rCl-a) 

and ri(r,a) = — — . — 

(l-r) (l-(2a-l)r) 

Theorem 3: Let f*(z) = g'{z) h(z)j where g’(z) e 2*(a)} 0 <_ a < 1, 
and h(z)e P(g)j Oj<S < and 3 £ a , then f(z) ^ convex for 
I z I < < 1 , ^^ere r^ the smallest positive root of the equation . 


C2.5.1) TCr,a,6) = 


l+cT3^Cr,a)+CTj^(r,$) , 0 <_t ^ rCa) 
l+02(r,a)+a2(^’»3), r(a) r r(e) 
l+a2(r,a)+a2(r,3), r(e) < r < 1 


where r(a) is the smallest positive root of the equation 

•7 O 

(l-2a) r^ - 3(1-2 c 6) r + 3r~1 = 0. 

This result is sharp . 

Eroof ; f'(z)=h(z)g'(z) 

Logarithmic diff . of f ’ ( z ) yield-S 


(2.5.2) Red =1 +Ee{-^|^} + Re 


^ h(z) ^ 


Applying lemma 3 to (2.5.2)^ we have 
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Re { 1 + l£.'S?h > 
£'(z) - 


3+crj^Cr,a)+a2Cr,3] , ^ j< r r(a) 
1+02(1*, a)+aj^Cr, 3)5 r(a) ^ r _< r( 3 ) 


[_l+02Cr,a)+a2Cr,3),rC3) ^ r < 1. 

As g^(r,a) is a strictly increasing fiznction of a, 0 for any 

r, 0 £ r <_ 1 . 

g(r, 3 ) £ g(r,a) 

Henc e 

g(r(a),e) < g (r (a), a) = 0 
g(r(a),g) £0. 
iEherefore 

± r(B) 

Since T(0,a ,3 ) = 1 


and lim T(r, ct, 3 ) = - thus 
r -+ 1 

the equation ( 2 . 5 »l) has a root always in ( 0,1 ). She sharpness of the 
theorem follows from the sharpness of the results of the lemma 3 » 

Eroofs of the following theorems are similar to the theorem 5 hence 
omitted. 

!Iheorem 4 J let f ’(z) = g'(z) h(z), where g(z) e G(a), 0 £ a <1 
and h(z) e p( 3),0 ;^3 < 1 , then f(z) 33 convex for |z| < r^ < 1 , #iere 
i® smallest positive root of the equation 


TCr,a,g) 


pCr,a) + ajCr,8),0 < r ^ rCg) 
yCr,a) '+ a2(r,3), rC0) < 1 


= 0 
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where r(6) is the smallest positive root of the equation 

(l-2e) 1 ? - 3(1-28) r^+ 3r - 1 = 0. 

!rhis resvilt is sharp. 


Theorem 5 : Let f * ( z ) = , where g(z) e c(a), 0 < a < 1 


h{z 

and h(z) e P(6)j 0 £ 8 < 1, then f(z) is convex for jz] < r^ < 1, 
where r^ ^ the smallest positive root of the equation . 

y(r,a) - n(r,e) = 0, 

This result is sharp . 


Remark : Theorems 2,3 of Ratti [30] follov; from oxrr Theorem 3 by 
taking 8 = 0, rt = 0; a = 1/2, 8 = 0 respectively. Also his Theorem 6 
follows from the Theorem 4 by taking a = 1/2, 8 = 0. 


2 .6 Radiiis of starlikeness for the class M. 
Rotati ons : Let 

l-(2-4a) r a(2a-l) 

82 (r,a) = 

(1+r) (l+ar) 

9^(r,ci3 = -r— { / ( l+a) (4-2a3 a - 1 - a}. 

^ 1-a 


Theorem 6 : Let f(a) = [1+ J " 1 j where P(z) e S*(a), 

0_;^a<1, g(z)e C, then f (a ) ^ star like for j z[ < < 1 ? 

^0 is. smallest positive root of the eqmtion . 


T(r,ot) 


1 - + ei(r,a), 0 _< r < r^Ca) 

1 - -j— + 02 Cr,a), fjCa) _< r < 1 
= 0 


where r(a ) ^ the smallest positive root of the equation 
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a(2a-l) + a(7-2a)r^ + C5~4a)r -5=0 


!rhis result is sharp . 

Eroof : Since f(z) £ S*(ci), ^ I'C®)? therefore 



Logarithmic diff. of f(z) yields 


zf»(z) _ 
fCz) 


1 ^g' (“) + 

gCz) 


1+ (2a-l)z!j)(z) 
l+z<p(z) 


(1-aj (z^^' (z) + Z(j>(z)) 
(l+z^(z)) (1+az^Cz)) 


(2,6.1) Ref 


zf * (z) 

fCz) 


■} > 


1 

1 


Y~ + 6j|^(r,a) > 0 < r < rj^Ca) 

+ $2 (r,a), r^^Ca) _< r < 1. 


(2.6.1 ) has been obtained by using lemma 5 and the fact that 


Mlizlj 

g(z) 


< 


1 

1-r 


Since bounds used here are sharp, hence the resiilts of this theorem are 
sharp: 

Proofs of the following theorems are similar to theorem 6, hence omitted 

lEheorem 7: Let f(z) = ^ r whore R(z) e S*(a) 

0 ■< a < 1 , g(z) e S*( 6), 0 6 < 1 , then f(z) ^ starlike for 

[z j < r^ < 1 , where the smallest positive root of the equation 


TCr,a,6) 


yCr,6)+ 9 iCr,a) 1, 0 < r < r^Ca) 
yCr,6) + 62Cr,a) + l,r;|^Ca) <. r < 1_ 
= 0 , 


where r(a) is same as stated in ffaeorem 6. This res-ult is sharp . 
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theorem 8: Let f(z) = [1 + 3 ? where P(z) e S*(ot), 

0 ^ a < 1 and ep(g)^ 0 ^3< 1, then ■'^( z ) starlike for 

jz ] < r^ < 1 , where r^ the smallest positive root of the equation 


TCr,a,3) 


ejCr.ci) - n(r,3),0 ^ r ^ rCa) 

e2Cr,a) - n(r,0),rCcO r < 1 
= 0 


where r(a) is the same as stated in the theorem 6 . 
sharp* 


This result is 


Remark : By taking a =3= 0 in Theorems 6,7} and 8, Theorems 1,2, and 

3 of E.G. Calys [6] follow immediately. 

2.7 Radiirs of convexity for the class H(«) 

Theorem 9: Let f(z) e H(q), then f(z) is convex: for |z| < r^, where 


5-->^ 

2a 


if a» < u < 1 

U — j' 


2Cl+a)‘‘ - 3a - 2(l-a) /a2+4a+l) . 

I if 0 < a < a. 

a(4a-5) 


Ci« = 
O 


5-/5 + 2/3(7-3*^) 


2/5 

This result is sharp . 


.589. 


Proof : Since f(z) e H(ct), there exists a function w(z) = z^( 2 ) 
satisfying Schwarz's lemma such that 

(2.7.1) =1 + «z<}>(z). 


Biff. (2.7.1 ) logarithmically with respect to z and then combining it 
with ( 2 . 7 . 1 ) we get 
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(2.7.2) 1 + 


zf 


f * 


2 \ 

^ = 1+az.^(z) + •<- z<j>(z) ) 

(l+az4>(z) 


Therefore 


f \ r zfTz! 1 CiCUl^-fz^Cz) 1^) 

(2.7.3) Re {1 + > 2+aRe Cz^(z)3 -Re{,~i_3 -i 

l+aZ(*>Cz) (i_jzj2) j^+^2(f-fz)] 


Let jzj = r and 1 +nzij'(z) = u + iv,then 


(2.7.4) Re a . IflW) > 1 , u . e^r^-Cu-D^-v^ 

u^+v^ a(l-r^) i/u^+v^ 


= K(u,v,r3 (say). 


Liff. of H partially w.r.t. v yields 


(2.7.5) 11= _ + 


a2j.2 _(u-l)2_v2 


(u^+v2) ^ ci(l~x^) /(u^+v^) a(l~r^) (u^+v^)^/^ 


2 2 


Since {z4>(z) j < r and | z (j)( z ) | ^ = . t. 7 ^ 


we can easily conclude that 
(2.7.6) 

and from 1 +az<!(z) = u + ir 


a^r^-(u-1 )^~v^ > 0 


(2.7.7) 


1- ccr < u < 1 + 01 * 


(2.7.6) ensures us that the qiiantity within square brackets of (2.7.5) is 
strictly positive, therefore minimum of H occurs at v = 0. On putting 
V = 0 in (2.7.4), WG obtain 


h(u,r) = H(u,0,r) = 1+u - — - a^r^-(u-1 ) 

U 


a(l-r )u 


1 . 2 ^ u(a+1 I + (l-g) (iwr^) 

a(l-r^) a(l-r^) ci(l-r^)u 
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Absolute minimum of b in (0,“ ) is attained at 
. „ f Cl-arcT+~a^2) ■ , 


(2.7.8) u = 
o 


n+l-ar'^ 


and is equal to 


(2.7.9) ihCuo,r) H 


^Cl-cir ) - 2 + 2 / ( 1 - a ) C a~\- 1 - ar ^ ) ( 1 + ) 

a Cl-r2) 


provided e [1- op, 1 + ar] . One can easily check that 

< 1 + ar but it is not always greater than 1- ar. In such a 


case when 

u 1 j 
0 ^ ' 

II- ar, 1 

+ ar 3 

(2.7.10) 

^1 

and is equal to 

(2.7.11 ) 

h(i 

II 

h(u^,r 

(2.7.12) 

Therefore 

u 

0 

Re {1 + 

zP’Cz) 

f ' (Z) 

Re' {1 + 

2f"(z) 
f • (z) 

Therefore 

Re 

(2.7.13) 

'1-; 


1 ^ 2 2 
1-3 ar + a r 




7 .22 

1 - 3ar + a r 


if Uq < u, , 


,Cl-r2) -2+2 /(1-a) (a+l-ar^) (1+ar^) 


aCl-r2) 


if u„ > u, 
o — 1 


{1 + > 0 if 

r(z) - 


and 
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(2.7.14) C4ci-5) + C6-4c!-4a^) - 5a+4 ^ 0 

Eie smallest positive roots of (2.7.15) and (2.7.14) lie in (0,l) and 
become equal to each other for such values of « for which 

(2.7.15) u = u, 

0 1 

Eliminating r between (2.7.15) and (2.7.15) we obtain 
^ , . 589 

Iherefore f(z) is convex for 

(2.7.16) N! < “o - “ 1 ^ 

and for 

2(l+a^) - 3a - 2(l-a)'/a^+4a+l ^ 

(a.7.17) Izl < [ 

a (4a- 5) 

if 0 < a <_ Oq • 

Eqtiality sign in (2.7.13) is attained for the f motion 

f(z) = ze'^^ f ^ 

and that in (2.7.14) for fmction 

fCz) = ze if0<8<a 

— 0 

Ity a Haeorem of D.J. Wright £37] f(z) e H(a) provided 

(2.7.8) “1 1 S < 1. 

let 

e ^ 2 - 3a -f (3 - 2a ) 

2r ( a -1 )^ 


1 



It is easily Terified that for 0< a < a, and for r giyen 
S fulfils the required condition (2.7.18), 


H^ark : Eecently the above result has been obtained by P. 
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' (2.7.17), 

• Eenigenburg 


i J by using diifspexili l/GchjiiquGs » 
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CHAPTER 3 

RADII OE CONVEXITY AKD STARiniElIESS OR SOME CLASSES OR 

ffiEOHORHnC MNC'ZEOHS 

3.1 Let !*(«) denote the class of functions 

H 2 

( 3.1 »1 ) f(z) = — +a + a. z + a z + 

Z 0 I <_ 

which are regular in D except a pole at z = 0 and satisfy the 
condition 

( 3 . 1 . 2 ) - Re > ot , z e D. 

f(z} 

Let M(a) stands for the class of fxmctions of the form (3*1 *1) 
which satisfy the condition 

( 3 . 1 . 3 ) > Re - {1 + ^ ” , z £ I) 

Runotions in the classes E*Ca) and MCa) are 3aao?fla as.-nerDmor®hio 

starlike and convex functions of order a respectively,- PC a) 
denote the class of functions which are regular in D and have 
real part greater than a there. 

Let be the class of functions 

ct 

(3.1.4) f(z) = -|^ 1 ^ 1 ', 


where R(z) e 5:*Ca) 
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Iiet T denote the class of fvinctions 


( 3 . 1 . 5 ) f(z) = s(z) p(z) q(z) 

where s(z) e E*(a)» p(z) e P(3) and q(z) e '!P( y). 


Hiis chapter deals with the determination of radius of convexity 
for the class E*(a) and radii of star likeness for classes Ha and 

T. 


3.2 We start by proving following lemmas. 


Lemma 1 : Let 


( 3 . 2 . 1 ) -H(z) 


(l-b)z24,t(z) 


where 4)(z) is regular, i$(z)| ^1 in 33,. 
Then for |zl=r, 0;^r<1, 

3-ab - 2br^ - r^ + abr^ 


(3.2.2) -Re{H( 2 )} < 


(l-bD (l-r2) 


1-b 


/(l+b)(l-a) a» 


where 


a’ =s 


1-br 


1-r 


(3.2.3) -*Re{HCz)} > 


l+ab+Cl-2b-ab)r^ 


(l-b)(l-r2) (l-tJ) I 

ii “o 1 

1 + a - (l+ab)r 

if Uq ^ 


(1+a) (l-b) (l+br2) 


l-r*^ 


(l-r) (1-br) 
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where u 
o 

Proof ; 


« 

1 |Cl-b)(l+br2) 

J(l+a) (l-r2) 
Prom ( 5 . 2 . 1 ) we have 


b} 



( 3 . 2 . 4 ) -Re {H(zn < a Re{' 


1+2^(Z) 


■} + Re{' 


l+bz<j>Cz) 


■} 


(l-b){!zi2 - jz<j,(z)|2} 

Cl-|zpDjl+bz4.Cz)| ll+zACz)f 


!Ehe above inequality has been obtained by using (2.2»5). 

let jz| = r and 7T~ = u + iv, then u satisfies 

' ‘ 1+z 4(z) ' 


u 


l-lzjS 



i* © « I 


( 3 . 2 . 5 ) 



V < 


1 

1-r 


Putting values of |zj and 


r in ( 3 . 2 .-.- )>we c btain 

1+zrf z) 

bu ^ (l-b) + (1-b) v“ 


(3.2.6) -Re (HCz)} < [ru + — = ; ;■ 

(b+(l-b)u)^ + (l-b) 2 v^ 


+ 


(l-b) {r2(uV) - (1-u)^ - v^} 
(l-r^)/(b+(l-b)u)^ + (1-b)^ 


H G(u,v,r) (say.) 
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Diff. G partially w.r.t. v we have 


(3.2.7) 


9v 


2b(l-b3Cb+(l-b)u) 2Cl-b) 

i i -f- '.--T.-'-'r-'-- ^ ,, , 

{ (b+ Cl-b)u) 2+ ( l-b) /(b+ (l-b)u) 2+ (l-b) 

{r^(u2+v^) _ (l-u)^ - v^} (l-b)^ 

+ - 1 

Cl*r^) {(b+Cl-b)u)2 + (l-b) 2 v2}5/2 


Since lz(f>(z)I^r for jzj 
easily conclude that 


j i ,f m2 {i~u)^+ 

r and |z^(z)| = — s — , 


2 " ^ 2 
u + V 


we can 


(5.2.8) (u^+ v^) - (l-u)^- •v 0. 


(3.2.5) and (3.2.8) guarantee that quantity within square brackets 
of (3.2.7) is strictly positive, therefore maximum of G occurs at 
V = 0. On putting v = 0 in (3.2.6) we obtain 


g u,r) H G(u,0,r) =:^ 


1-r 


'i+b / (l+b) (1-br^) 

— + (a-1 ) u + -i- ^ 

^ ^ (l-r^)(l-b)(b+(l-b)u) 


Absolute maximum of g in (O, ) is attained at 


b + (1-b) uj 


tyl-fb) (l-br^) 
4(1^) (i-r^) 





>2.9 ) 



where a ' 


1~br 

1-r 



and is equal to 
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Diff. ff partially w.r.t. v we have 


3 G ^ 2b(l-b)Cb+a-b3u) 2(l-b) 

C3.2.7) ~ - V — 

{ (b+ (l-.b)u) 2+ ( i-b) /(b+ (X-b) u) 2+ (l-b) V 


{r2(u2+v2) - (1-u)^ - v^} (l-b)2 

{Cb+Cl-b3u)2 + (i-b)2 v2}3/2 


Since |z4i(z)]^r for jzj = r and {z^(z) 


2 2 


g — f we can 

u + V 


easily conclude that 


(3»2.8) r^ (u^+ v^) - (l-u)^- ^ 0. 


(3«2-5) and (3«2.8) guarantee that quantity within square brackets 
of (3.2.7) is strictly positive, therefore maximum of G- occurs at 
V = 0. On putting v = 0 in (3.2.6) we obtain 


\ ^ ^ 2 1+b ^ (l+b) (l-br ) 

g.u,r} = G(u;0,r; =■ r + r-r ^ 9 ^ 

1-r^ (l-r^)(l-b)(b+(l-b)u) 


Absolute maximum, of g in (o, "^ ) is attained at 



and is equal to 
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g(u',r) s 


(1-b) (1-/) 


- v'(i+b)(l-a)a' 


Hhxis the proof of the first part is complete, 

Fow vising (2,2,5) in (3*2.1 ) together with |zj = r and 


1+z^(z) 


ue -b 
1-b 


f we have 


(3.2.10) -Ee (E(.)}^£f^(au-i-Ml:±|i) 

(1-r ) 


. 1-ab . 1 / 1-b r , \ \ 

+ — + ( — + u ) 2 L(u,v,r} . 


1-b 


(1-r )u 


Diff. L partially w.r.t. v we have 


(3.2.11) 


9L 

8v 


sin V 
1-b 




1-r 


(u) 


, . 1s . 2(1 -br^) 

(u +-) + 


1-r 
2, 


The 


minimum of -(u + •^) + in [ is attained 

.Is 2h-to2) 

at end points only. The value of -(u + — ) + ^ ia positive 

1-r 

at end points. Hence minimum of L occurs at v = 0, Patting v = 0 
in (3.2.10) we obtain 

2 

/ ^ ^ 1 . -b 2(l-br )^ 

ll(u,r) = l(u,0,r) * -pb ^ 2 

1-r 


2 

1-ab . 1 f 1-br . .. s 


1-b 


■Pb Uu(l-r2)^ 


(1-r )v 

2(l-br^) t-ab 

1 s., 2v 1-b 

<1-b)(l“r ) 
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Absolute jHalmuoi of f m (o, -) io attained 


at 


u 

0 


and is equal to 


(1-t) 

(l+a)(i-r^) 


f2 47-b) (i+a) (i-r^) 


(1-b) (1-^2) ^ 


It is easy to check that u > hii+ „ • ^ ' 

0 l+r % alvvays less than 

1-br _ 

1-r * ^ case, when u i 1~bri 

o ^ H+r * » “iiiimum of A on the 


segment 


u = U = 

1 ~ 

and is equal to " ( ^'*'Q’b)r 

(l-br) (l-r) 

^-(u^,r) = ^(uj,r) for such values of a and b for which 


% = ^ 


^2: If f(s)ez*(a) , then for j s | = r, 0 < r < 1 , 
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. a - + a 

( 3 . 2 . 12 ) ~Re {1 + I tllb < 

f ’ (z) 1-a 


a-a 


C3.2.13) -Re {1 + > 

f’Cz) 


r I l-2a+aa 

“4 1-a 1-a 

f£I 


l-2ar + (2a-l)^ 

_ (l-r) Cl-C2a-l)r) 


for Up ^ 


l-2a + aa 


where u_ « — -» — (I 

2 (1-a) v 


- (2«-l)}, u = ^ 
1 l-r 


and a = 


1--(2a~1 )r‘ 


1-r 


The results are sharp . 


Eroof ; Since f(2)eE*Ca) there exists a function w(z ) = z^(z) 
satisfying Schwarz's lemma such that 


(3.2.14) 


zf ' ( 2 ) _ 1 -f (2c^»l) z 4 >(z) 

t(z) 1 z^z) 


Diff. (3.2*14) logarithmically w.r.t to z we have 

^ 2Cl-a) 2^^>»Cz) 

(l+2(j)(z)) (l+{2a-13 z^(z) 

taking a = 1-2a j b = (2a-1 ) in (3.2.2) and in (3.2.3) we obtain 
(3.2.12) and (3.2.13) respectively. 



Sie equality sign in (3*2.12) is attained for the ftinction 


f(z) given by 

_ zi*(z) _ 1~2a bz -f (2a-1 ) 

f (z) 1 - 2bz + z^ 

where b is determined from 

1-2a br + (2a-1 )r^ r1 “(Sa-I )r^, 1/2 

2 ~ 2-5 

1-2br + r 1-r 

The equality signs in (3.2.13 ) for the second and first inequaliti' 
attained respectively for the fiinctions defined by the following 
equations 


\2-2a 

(3-2.15) f(z) = - 

and 


(3.2. 16 ) f(z) = ^ { (l-z)^"^”^ (1+z)^ 

where m is determined from 


.1+(2a-l)r^ 1--(2a-1 ) r + 2m(l-a)r 

I 2 J - 2 

1-r 1-r 


Remark : Hie above resiat has also been obtained by V. Sin^ and 

E.M. Goel {343 

Iiemma 3 : If f(z) e , then for jz j = r, 0 5 r < 1 , 

(5.2.17) -Re < ~ {a + a - v'2a(i+a) a} 

£iz) i-o 
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\ 


( 3 . 2 . 18 ) 


f(z) 


1-r 


{ 


V ri , 


ar^) 


« “o i “1 


where a = 


1-» ar 
1 - 


* ^^3 1 -a 


Cl-r2) 

l-2ai4-« (2a~l) 
L (l-r) (1-otr) 

1 


- 1) 


if "o 1 ""l 


, , 1+ ar ^ , , 1 

2n ^ 1 1-r 


2(1 -r") 


Proof : Since f(z) e we have 

f(z) = p(a) hissKsh , ,, B 

1 + z 4)(z) 


Dxff* f(z) logarithmically w.r.t z, v have 


I ^ a,-i + + 2— + 0-») 

1 + 2 <!)( z ) 1+az^>(z) (l+z(;5(z))(l+aztj>(z)) 

(Baking a = 1-2a , b = a in (3.2.2) and (3.2.3) we get (3.2.1?) and 
(3.2.18) respectively. lEhe equality sign in (3.2.1?) is attained for 
the function P(z) given by 


_ 2^ * ( z ) _ 1-2ab2 + (2a-1 )z^ 
I'(z) 1-2bz + z2 

where b is determined from. 


1-(l + a,) br + gr^ _ |l -gr^ 

2 ~ 2 * 

1-2br + r v 1- r 

(The signs of equality in (3.2.18) for the second and first in- 
equalities are attained respectively for functions p(z) giv^ by 
(3.2.15) and 
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(3.2.19) F(z) = , 

2i 


where m is determined from 

f~~ "^2 2 

n+ gr _ 1 -or + m( 1 - a)r 

\/2(l-r^) 1-r^ 

3.3 Radius of convexity for the class z*(a) , 

!i3aeorem 1; Let f(z) e S*(a) . Let x^ be the unique positive 
root of the equation 


4 3 2 

X -4x +2x-8s0 


and 


x^ - 4 
0 

4 x 0 - 


f then f(z) is convex of order 3 , 0 < 3 < 1, i 


in 


0 < 1 z 1 < [• 


(4a-5+23^) + 4 jiUg*a^-g^) + + 8a-10) 

8:-4+C1-3)2 


1 1/2 


0 '' Ot ^09 


1 6 

0 < jz| < : t" r=::r,::-:— ^ 

a(l-3) + i/(l-3)Cl-a)(3a-l-3Cl-ct:) 

Proof : Since f(z)e E* (a) from lemma 2 we have 




-Re {1 + 


z P’Cz ) 

f’(z) 


+ 3 } > 


1 - 2ar + C2a-1)2 r^ 

3 

(l-r) (1 - {2a-l)T) 

l-3*2a(l-3)r+(2a-l) C2a-3-l)r^ 


Cl-r) Cl-C2a-l)r) 
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if u > . 

0 — 1 ? 

and 


C3.3.2) 


-Re {1 


t S ) > 7 

“ si l-r2 


1+r 

l - r 2 


= 2 


l-*-C2a-l)r _ l-t-e+(i>e)r 


l - r 2 


1-3 


if u < 




where u = 

° 2(1 


^ (/he«2£ . 2 „ - 1 , 

l-“) ,/ l-r2 


and u. 


1 " 1 -r 


Therefore 


-Re {1 + ♦ g} ^ 0 

£» Cz ) 

if 


(5«3»3) 1-g - 2a(l-g) r + (2c!-l) (2a-g-l) r^ > 0 


(3«3-4) {8a - 4 + (1-6)^} - 2C4&-5,2g^)r^ - 4 + (l+g)^ > 0. 


Therefore radii of convexity for the class E*Ca) are given by 


(3^3.5) r 

(3.3.6) r 


1-8 


a(l-8) + /(l-8)Cl-a) {3a-l-BCl-a) } 

(4a-5+2S^) + 4/(l-a+a2-a8)+ (Sg^+Sa-lO) 


[- 


JA . 


8a-4+Cl-8)- 


] 


1/2 
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Ihe ralue of a for which (3.3.5) and (3*3.6) give equal values 
of r must be (l/2,1 ) such values of a are obtained by eliminating 
r between (3*3.6) and (3.3*5) at [3 = 0. ELnally we get following 
result , if 


ct 


0 



4x -4 
0 


where x 

o 


is the unique root of 


4 3 2 

X -4x + 2x-8 = 0, 


then for 0 _< a j< , we use the formula (3*3.6) and for < a < 1, 
we xise the formula (3.3*5). Functions given by (3.2.15) and (3*2.16) 
show that the bounds are sharp. 


Remark : Taking g = 0 in (3.3*5) and (3*3.6) we obtain results of 
7. A. ZmoroviK [39] which are also obtained by 7. Singh and 
R.M. Go el [34] 


3,4 Rr^d ius of star likeness for the class 


Theorem 2. let f(z) e , Let a be the unique positive root of 

Tr.r-rni,rr-rrr-- {J, Q 

3 2 

the equation 4x - 4x + 5x - ■<' = 0, then f(z) is starlike of order 
8j0;^g<l ,in 


0 < |z| < [• 


0 

2 


(1 


.f) 


+ a -1 + 


■J 


‘ft' 


|.).c.-132 » C2 . 1-) 


2a + 


^ i a = 0 5 ^ 0 . 

0 < |z} < 1/^2 if ct = 6 = Q, 

0 < jzj < 

a - j (l+a) + 

if Up a < 1. 


1-0 


I 


l-a){a-a0 + ^ (l-a)} 
4 
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Prop jT ; Since P(z) e from lemma 3 we gei 


(3.4.1) -Re ♦ 6} 

fCz) 


1 - 2ar + a(2a-l) t' 

— p. 

(l-r) (1-ar) 

l-6-2(a- j (l+a))r + aC2a-6-l): 
(l-r)(l-ar) 


if u > u. 
0 — 1 


(3.4.2) -Re ♦ p} > - -1_ + 2 \ 


2(l+ar'^) 


e £5 „2 




= 2 (- 


2 " T 


/2(l+ar^) 


if u < u. 
o — 1 


where u = ~ { ii±-22L - a} and u. = . Hierefore 


~ Ee ^£3} ^ 0 if 

(1-3) - 2(a - (1+a)) r + a(2a-3-l)r^ 1 0 

6^ 4 D £^ ■? 3 7 

-(2a + f-) r' - 2((l-a) - (1 + y)) + 2 - (1 + -)^ > 0. 


Therefore radii of starlikeness for the class H are given 

a 


(3./ ^3) 


(3.4.4) r = [. 


a - ■j (1+a) + J(l-a) (a-ap + (1-a)} 

a * i (1 ♦ f) |(1 * i {2.(1 . f)2)(2<.' . f.) 



a = r. / 0 
if a = 3= 0 then 



The values of a for which (3.4.3) and (3.4.4) give equal value- 
of r must be in ( 1/2,1 ), Such values of a are obtained by 
eliminating r between u^= and (3.4.3) at 3 = 0. iinally we 

have the following result, if is the unique positive root of the 

equation. 

3 2 

4x - 4x + 5x - 4 = 0, 


then for 0 ;< a <_ radius of star likeness of f(z) is given by 
(3.4.4) and if aQ^a<l then radius of starlikeness of f(2) is given 

by (3.4.3). 

Functions given by (3.2.15) and (3.2.19) shov/ that these results 
are sharp. 


3.5 Radius of starlikeness for the class T. 


Rotations :let 

y(a , r) 


1 + (2a -1 )r 
1 + r 


\ 2r(l - 3) 

ti(3 ,r } = — ^ . 

(1-r) (l-(23-l)r) 

Theorem 3. let f(z) e T, then for |zj = r, 0 £ r < 1 , f (z) is star like 
^ 0 < j z I < where r^ ^ the least positive root of the equation 
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yCa, r) - nCP, r) - ti(y, r) = 0 
!Elais result is sharp. 

jKroof : Since f(z) e -T we have 
(3.5.1) f(z) = g(z) p(z) q(z), 


vrfiere g(z) c p(z) e P( (3 ) and q(z) e P(y ). 

Biff. ( 3 . 5 . 1 ) w.r.t z we have 


(3.5.2) - .^;l2 1 22;-(,z}. , , -ZqKz) 

f(z) g(z) p(z) q(z) 

Therefore 


(3.5.3) 


- Re { 


zf * (z) 

£(z) 


■} > 


1 + C2a-l)r 
1+r 


2r(l-,G) 2r(l-Y) 

(l-r) C1-C2B-1) r) Cl-r)Cl-(2Y-i:; 


= yCa.r) - p(e,r) - n(Y,r) 


( 3 . 5 . 3 ) has been obtained by using lemma 2 and lemaa 4 of chapter 
2 in (3. 5 . 2 ). 

Since liCa,0) - ti(B,0) - pCy.O) = 1 

and lim yCa,r) - n(e,r) - n(Y,r) = -« , 
r -»■ 1 

T-ierefore equation RCc«,r) - riCB,r) - nCY.r) = 0 
has always a root in (o,l). 



Eati shc-rpiiecs or ihe result follows from the shai’pness of leiuma 2 
and A of the chapter 2. 

Remark : faking 7=1 in ( 3 . 5 .S') we get the Theorem 1 of 


K*S. Padmanabhan [27] 



CHAPTER 4 


u 

EEEEGT OF SEOOHIl COEFFICIENT ON THE EADli! OF CONVESITI 

iUtD STAELIiCENESS 

4»1« In this chapter we shall investigate the effect of second 
coefficient on the radii of convexity and starlikeness of certain 
analytic fuinction in D , 

let 

O 

(4.1.1 ) p(z) = 1 + 2az + a^z + 

where p(z) is regular, Re {pCz)} >a,0<a<l,inD and 
|a|< (1 - a). let I‘2a(°‘) <3-enote the class of functions of the 
form (1 ). Recently R.S, Gupta [13] investigated the effect of 'a' on 
the radius of starlikeness of 

(4.1.2) f(z) = p(z) - 1 == 2az + a^z + ... 

when p(z) e 1^1 • 

The proof given by R.S. Gupta [13] is lengthy and complicated. 

In the third section of this chapter we have investigated the effect of 
'a‘ on the radius of starlikoaess of f(z) given by (4.1 .2) where 
p(z) e jaj < (1 -a). It is interesting to note that the 

proof given here is shorter and simpler than the proof .given by R.S. Gupta [13] 

In the fourth section of this chapter we have investigated the 
effect of 'a’ on the radius of convexity of 
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(4*1»3) S’(z) — z + 2az^ + a^z^H- ... 

when fCz) e S* and ja] < 1 

In "the fifth and last section of this chapter we have obtained 
the radius of star likeness of 

(4.1.4) f(z) =1 [2F(z)]' , 

where pCz) is given by (4.1.3), in terms of 'a'. 


4.2. Before provi ng the actual results we need the following lemma . 
L emma 1 ; K f(z) is regular in lz|<1 ,^iif(z)jl1 there , then 

The proof of above lemma can be found in [25 , 167] . 


4.3* RacUus of star likeness for the class P^.(oi). 

Theorem 1 : Let p(z) e ^2a^°^ end f(z) given by (4.1.2), then 
f(z) i^ star like for |z 1 < r^, w here 


° (1-a) + v'(i-o)^ - lap 

Pfoc f I Since Re {p(z)} > a, 0 £ a < 1 ^ for z e D, we can write 


(4.3 1) 


p(z) = 1 + (l“2a) z^(z) ^ 


1 - z ^(z) 

where <f>(z) is regtfLar in D and | 4i(z)i ;< 1 there. 
Trrefore 




(4.3.2) 
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Applying (4.2.1) to z <^{z) we atonce get 

tzl CUl-Cl-a) iz|) Ul Cki-Cl-a) [zj 

(4.3.3) — < \zm\ < 

Ui l-a+|al {zj 

Now from (4.1.2) and (4.3.1), we obtain 

(4.3.4) Re = Re . Re 

z4(z) (l-zbCz)) 

ly using ( 2 . 2 . 5 ) in (4.3.4) we have 


\z\^ - Izd(z) ^ 


(4.5.5) (4^) > Re (--4-} - —4 ' " 

fCz) 1-z^iz) Cl~!zP)lz«Cz)l (l-jz(})(z)) 


(4.3.6) 


z = r 


( 4 . 3 . 7 ) 


1 - z <^>( 3 ) 


u + iv. 


Putting values of |z| and in (4.3.5) we get 

i\P‘+-^ ) - (u- 1) ^ -'P" 

(4.3.8) Re > u - = HCu,v,r) (say), 

p(z)-l /(u-l)^+v^ (l-r*^ ) 


Piff. H partially w.r.t. v, vre get 


2 r^Cu2+v2)-(u-l)^-v^ 

^ (1-x^) {(u-l)^ + v2}^/2 


(u-1 )\ 'P 

Sine . jz 4 ( 3 ) If. r and jz <i(z)p = — ^ ^ , we can easily conclude 


u + V 

(u^+ v^) - (u-1 )^- v^ ^0 . 


(4.3.10) 
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In view of (4»3»10)j quantify vd.thin square brackets of (4'>3»S) tunas 
out strictly positive j therefore Hiinimum of H occurs at v = 0. 
Putting V = 0 in (4.3*8), we obtain 

*22 2 

(4.3-11) h(u,r) H H(u,0,r) = u - . Also at v = 0. 


(1-r^) (u-1) 


(4.3*12) z <> (z) I = 


lu - 1 
u 


Prom ( 4 . 3 . 3 ) aiid (4.3*12) we have 


(4.3.13) 


1 -a* a r 


1 -a- a r 


< u < 


l-a+ 2 |ajr+Cl-a)r 2 (l-a) (l-r^) 


if 1 - u > 0 , 


and 


(4.3.14) 


1 -a- a r 


l-a+ a r 


< u < 


l-a-2jalr+(l-os)r (l-cx) (1-r^) 


if (u-1 ) ^ 0. 

One can easily check that h is a mono’^cns decreasing function of 
u if 1 -u ^ 0 and it is monotone increasing function of u if (u-1 )i0. 
Iherefore if (l-u) ^0, minimum of h occurs at 


u = u, = 


1 - ® - a r 


'1 (l-°) (l-r2) 


and is equal to 


|a| - 2(l-a) , j, ( , 

(1^^) C|a|- (l-a)r) 


If U-1 Of then minimum of h occ'urs at 


u = = 


1 -« - laj: 


2 1-0-2 |a] r + (I-C1) 


I, ,i. J . i\ t\ 1' !" ' 

LIBRARY 


f 'V ' 

Acc. No. A'% 


12 . 6.44 
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and is equal to 

Cl~a)(|a[-2(l-a)r +|alr^) 

llCUgjP) = — — — 

(iai-(l-.a)r) (l-a-2 j a[r+ (l-.a)r^) 
It is easy to verify that 


(Eherefore absolute minimum of h in (o, «) will occur at u = -Uj 
Hence 


( 4 . 5 . 15 ) 


Re{ 


zp* Cz) - 

pcz)-r 


1 a| -2(l-a)r + | ajr^ 

provided 

(l-r^)C|a|-l-a) r) 



Therefore 


Se {SlW}>0 
p(z)-1 


for 



l-a+ZCl-cc)^- a ^ 



IQie equality sign in ( 4 . 5 . 15 ) is attained for t:he function 


p(z) = 


1-2az + (l--2a) 


1 - z 

Hemark : 5br a = O, we get the result of E.S. Gupta [13] 


4.4. Hadius of convexity for the class S* . 

2 3 * 

Theorem 2 : If f(z) = z + 2az + a^z e S , then Ifae radius of 

convexity of f(z) is given by the smallest positive root of the 
equation. 



S3 


(4. 4-1 ) 1 - 2la|r - 6r^- 2lajr^+ r^= o. 

ttiis result is sharp . 

: Since f(z) e S*, there exists a function wCz) = z <)(z) 
satisfying Schv/arz’s lemma svich that 


(4.4.2) 


zf '(2) 1+2 (!i(z) 
iTz) 1-z<-(z} 


2 e I) . 


where 4(z) satisfies (from (4.3.3) at « = 0 ) 


(4.4.3) 


z! Claj-lzl) 


i- a 


< lzij)(z)j 


!z|(lal+|z|) 

< — — 

~ 1+1 a| |z 


riff. (4.4.2) logarithmically w.r.t. 2 then combining it with (4.4.2) 
we obtain 


1 + zi”(g) _ . 3 _ 1 ^ 2z^b*(z) 

f ' ( 2 ) 1-zb(z) 1+2^(z) 1-(zb(z))^ 


IHaerefor'e 


(4-4.4) 




> -l+3Re{. 


l-z('Cz) 


.}-Re{' 


1+ zbCz) 


■>- 


XUP-l2<>(z3l^) 

Cl-jzp) ll-(zb(z))2| 


Ihe above inequality has been obtained by using (2.2.3). 
Let 

(4.4.5) hi = r 

and 

(4.4.6) - — 77— T = u + iv , then u satisfies 
1-24tz; 
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(4.4.7) 


1 1 

< u < — * — 

1+r— — 1-r 


Putting the values of z and 


in (4.4,4) we get 


. 2u2-u+2v 2 2{r2Cu2+v2)-Cu-l)2-v^} 

( 4 . 4 . 8 ) > -l+3u — 

^ C2u-1)^+4v^ (l-r^)/(2u-l)^+4v^ 


5 GCu,v,r) (say.l 


Diff.C 'u, Y^r' w.r.t. v we obtain 


(4.4.9) ~ = I- 


4u^-2u+l 2 

- - 4 * - ' ■ ■ ' " 

{ C2u- 1) ^*C\r /(2u-l)^+^^ 

2 Cr^ (u^ ) - (u- 1) 2 -v2 ) 

■ ■■■- " ' - ■ ' ~ 

Cl-r23{(2u-132+4v2>S/2 ' 


2 ( 1 ^ 

Since \z^{z) \ < r and i2()'(zi)l = -a" -J - ■ - ■ , it is easy to conclude 


2 2 
u + V 


(4.4.10) 


2/2 2\ / .^2 2^- 
r (u +v ) - (u-1 ) -V ^0. 


Using (4.4,10) and (4.4*7) it is easy to checic that quantity within 
sqxiare brackets of (4.4.9) is strictly positive, therefore minimuni of 
G occurs at v = 0. Putting v = 0 in (4.4.8) we get 

2 2 2 

(4.4.11) g(u,r) = G(u,0,r) = -1+3u - 

‘ (1-r ) (2u-l) 


+ 4u . 


Also from (4.5.13) and (4*5.14) at a = 0 we have 


(4.4.12) 


+ a r 


< It 


14‘2 lal r -f r 


ril al -f r , 

1 -r^ 
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Since 


r(| a|+ r) ^ r(j a]- r) 

2 ^ 2 

1 ~ r 1 - r 


1 + a r 


1 - lai r 


2 p 

1+2 a 1 “ + r 1-2 air + r'^ 


It is clear from (4 ''4.11) that g is a monotone increasing function of 
u, therefore its absolute minimxm in (O, “ ) will occur at 


1+ a r 

u = u. = ‘-J 

1 . ^1 t 2 


1+2 lair + r'^ 


and is equal to 


( 4 . 4 . 13 ) g{u,,r) H 6r'-2 | a|A / _ 

(1-r ) (l+2|alr + r ) 


lEherefore 

(4.4.14) 


{■] , zf'Kz) ]. > 1 - 2 I a| r - 6r^-2! aj r^+ r^ 
f’(z) (l-r^) (l+2|ajr + r^) 


Hmce f(z) is convex for jz j < r^ where r^ is the smallest positive 
root of the equation 

1-2(ajr-6r^-2ialr^+ r^= 0 , 

Hie equality sign in (4.4.14) is attained only for the functions of the . 
form 


(4.4.15) tM = f h:i!i« 


0 (l+2at + t"^)^ 
at z = r . 

Remarli: : (Hie above result has also been obtained by Tapper [36] 

by using different technique. But Tapper has not produced an example 
to show tho sharpness of the result. 
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4*5* Ve devote this section just to obtain th e region of starlikeness 
of the functions represented by (4.1.4) in terms of their se cond 
coefficients . 

3 : I£_ f(z) == - izF(z)V, where l(z) = z + 2az2+ a^z^+... e S*, x 
•then f(z) is starlike for , where 2/3 < [a] < 1 . 

result is sharp . 

I^oof J Since f{z) e S*, there exists a function w(z) = z<j)(z) 
satisfying conditions of Schwarz's lemma such that 


SUlll _ 1 + Zj’( z) „ g T, 
F(z) " l-z<Kz) » ^ 


(4.5.1 ) 

By direct calculation we get from (4.5.1) 


(4.5.2) zi|>(z) = az + ... 

Ihus applying (4.2.I) to (4.5.2) we can easily get 


zJlMzikLL< [a<j,(2)i< J?i(bL±M.) 

1«la! U! - 1+|a! |zl 


(4.5.3) 


Again, from (4.5*1 ) and (4.1*4) we get 
^ 1-z^(z) 

logarithmic diff. of f(z) w.r.t. z together with (4.5.1) yields 

f/i S a) zf’(z) ^ _ 2 + ' "/ . + i-LsI 

1-zKz) 1 -z4>(z5 

Therefore 

1 }zi2-|z({.Cz) 

(4*5.5) Re {£i— iSi.) > -2+3 Re { • ' ^ , 

^ ^ £Cz) - I-ZH2) Cl-|z|^)lCl-z^(z))l 
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The above inequality has been obtained by using (2.2.5)- 
Set jz| = r and = u + iv, (4.5.5) reduces to 


r^CuV)-Cu-l)^-v^ 


(4.5.6) Re 

fCz) (l-r^) -/u^+v^ 


= T(u,v,r), (say.) 


Diff. 1 partially w.r.t. v we obtain 

= vf ■ + 

8v 


aT r 1 

(4-5.7) |7= v[-=r_ + 


Vu^+v^ ( l-r^) (u^+v^) ^/2 


-3 


2 2 

. ^ . .1 . ^ \ |2 (u-1 ) + V 

6(2) 1 1. r 1 4(a) 1 = — 2 2 ’ 


Since z 


u + V 


therefore 

( 4 . 5 . 8 ) r^(u^+ v^) - (u - 1 )^- V 10 * 

In view of (4.5.8), quantity within square brackets of (4.5.?) is 
strictly positive, therefore minijaum of T occurs at v = 0. Putting 

V = 0 in (4.5.6), we get 

\ r^u^-(u-1 f' _ -2(2-r _) + 4u + ^ — 

t(u,r) H T(u,0,r) = -2+3u - ^ / (l-r^)u 

Also u satisfies (4.4.12). 

It is easy te check that t is a mchotone ihcreasing function of u 
for r < 3/4. tterefore absolute mnit«m of t in (0, -) is attained 

at 

1 + lal r 


u = u = ^ 2 

' 1 +2 ja r + r 


and is equal to 
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tCui,r3 


2 1 al (4 j aj ^-13x'^~2 j a|r^-4l a| ^ r^+i 
~Cl-r23 C 1+ 1 a } r3 C 1+ 2 ] a | r+r 23 


for r < 


iThereforc 


2lalr'"+(4la|^-13r^-2ia|r^-4lapr2+l 

(4.5.11) Re{±^^}> 

Cl-r23 (l+|ajr3 (l+2lair+r2 3 


Thus 

Re { 

zf ’ Cz3 

"T(ir 

if 2 

1 1 5 

taj r 

+ (4 

i . e . ^ 




(1-r 

)(i 

Therefore 

f(z) 



Izl ■ 


|2 .N 4 , 3 .,.,2 2 


2 a 


The result is sharp for the functions of the form 


]?(z) = — 

( 1 +az ) 


at z = r. 

Remark : In the limiting Gas's we obtain the result of A.S. 




Livingston [22] 


from the above result. 



CHAPTER 5 


EFFECT OP PROPIIG FIRST (n~1 ) COEPFICIMTS 01 THE RiPII 
OP COHl/EXITY IRI) STAREIKElffESS 

5.1 let S denote the class of regular and univalent functions f(z) 
in D= {z: [zj<1} which are normalised by the conditions f(o) = 0, 
f’(o) = 1. For a fixed a, 0^a<1, let C(a) denote the subclass 
of S, consisting of all functions f satisfying the condition 

, \ ffp”) 

(5.1.1) Re {z + 1 } > a for z e D. 

Let S*(c6) denote the subclass of S, consisting of all functions f 
satisfying the condition 

(5.1.2) Re } > a for z e D. 

f(z) 

Let K(a,B) denote the subclass of S formed by all functions f for 
which there exists some fmction g(z) e c(6) such that 

(5.1.3) He >a, 0<a<l, 0<8<1; for z e D 

g'(z) “ 

Functions in the classes G(a), S*(a) and K(a,e) are known as convex 

functions of order a , starlike functions of order « and close-to-convex 

factions of order a and type S respectively. We shall denote by 

S^, n = 1,2,3,..., the class of regular and univalent functions in D 

, s. n+1 n+2^ 

having Taylor expansion of the form fizj - z + +. .. * 

It is clear that S = S^;. 
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Let be the class of functions of the form 

Ci» 

f ( Z ) = z 4 - I a r n L 1 J analytic in D. 

k=n 

In the 52 ^ 6 . section of this chapter we shall show that if P(z) 

be in (GB)^ or (K(a, 8 ))^, then f(z) = -— [z^fCz)]' is 

starlilce of order B j convex of order B or close-to-convex of order a 

and type B for jz| < r° respectively. Also if ^(z) ^ and 

1 1 '*0 G 

Re {F’(z) 5' >• 3 in D, then f(z) = z [a f(z)3' satisfies 
Re {f'(z)} > B in {jzl < r^). All our results are sharp. ibr 
suitable choice of C,B and n results of S.E. Bajpai[3], S. Chandra [41] 
S.D. Barnadi [4] , A.E. Livingston [22] and K.S. Padamanabhan [ 26 ] 

follow as special cases of the results derived here. 

In the 4th section of this chapter we obtain the radius of 
starlikeness of f(z) e A^ under certain conditions imposed on it. 

All our results are sharp. Theorem (5*'l ) of Causey and Merkes [7] 
and theorems 1,3,4 and 6 of Ratti 131] follows as special cases of 
the results derived here. 

In the 5th section of this chapter we obtain the radius of 
convexity of f(z) e A^ under certain conditions imposed on it. All 
results are sharp. Iheorems 2,4. ahcl 6 of Eatti [30] aM theorem 4 of 
Earn Sihgh [32] follow as special cases of the results deriyed here by 

taking n = 1 . 

5,2 The following lemm as will be used. 

<» V _ 

lemma 1. Suppose that h(s) ^ ^ ^ , n >_% la ana^tic 

satisfies Re(h(z)) > 0 for z e D, ^en 
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2n 

The proof of the lenima can be fomd in [ 24 ] 

2. ’Ihe ftinction Hf = 1 4. r 

I + k ^ 1 ^ > ii ^eg^lar and 

satisfies Re (h(z)) =" «, 0 <. a < i , for z e p iff 

(5.2.2) HCz) = ~ ^ ) z’^<i’(z) 

1 + z <j>(z) 


( 5 . 2 . 1 ) 


ih' 


h 


where (f)(z) ±s_ a regular function and satisfies I b fz~) I 5 1 

for z e D. 


• Setting h(z) = ^ , we note that h(z) is regular 

and satisfies Re(h(z)) >0 in D and h(o) = 1. let w(z) =- 1 =^ 4 ^ , 
where w(z) is regular and |w(z)| <1 in D, also w(z) has nth 
order zsto at origin. Hence we can write w(z) = z“ 4 (z) where d(z) 
is regxilar in D. It can be shown by applying Schwarz's lemma that 
l4>Cz) 1 1 1 in I. JSxpressing h(z) in terms of w(z)j v/e obtain 


!Ehus 


11(2) 


1 ~ w(z) 
1 + w(z) 


(5.2.3) 


H(z) = a + (1- a) 


1 - w(z) 
1 + w(z) 


1 + (2a -1 ) w(z) 
1 + v/(z) 


1 + ( 2 a - 1 ) z^ 4(2) 
1 + z^ <j>(z) 


Conversely if H(z) is given by ( 5 . 2 . 3 ) it is obvio\is that 
H(z) is regular and Re (H (z))> « in I. 
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5* Let H(z) be given by (5.2,2) then 


(5.2.4) 


Proof. 


Re(HCz)) > 


1 + (2a- 1) I z{^ 

l+lz|n 


HCz) = 


1 + (2a- 1) 4,(z) 

1+z^ ij>(z) 


- a + a 


1 - 


= a +(l-a) 


[Qierefore 


P-e (HCz)) = a + (i-a) 

= a + (1-a) 

> a + (1-a) 


l-z”({>(z) 

Re (— .) 

l+z^4i(z) 

1 1+Z^ 4>(z) p 

1-1 zP 1 + (2a- 1) [zl 

l+|z|" 1+jzp 


Leiama 4. Suppose that in the disc |z| < 1, a function 

regular and satisfies there the Inequality jf(z)|< 1 

representation f(z) = c„ + J c,^z , where n > 1. 

k=n 

the disc | z [ < 1 , have 


(5.2.5) [f.(z)| < 

“ I-lzpn 

with equality holding only when 


(l-!f(z3l^) 


n 

jy/ \ 2 4- a 

f{z) = e 


1 + S 2 


e|i=: 1 , |a| < 1 


z” <j)(z) 

+ Z^ (|)(z) 


f (z) is 
and has the 


Then, in 
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— 5 J 1£ H(z) = 1 + c + Q ^+1 

^ ^+1^ ^*** Re {H(z)} > a 

for z e D, then 


(5.2.6) 


|H.(z)| "e ( KW.„) 

l-.fz|2n 


■Seo,°.f • Setting 11(2) ,,/ s , 

^ ^ 1-a ’ substitute w(z) = 

( 5 . 2 . 5 ) we obtain (5.2.6). li(z)+1 


radii of starlik^n^.^.o 

(Ti 

theorem 1. Let p(z) = z + 


1+C ^ ^ [2*^ ^(2)]', C 


for 


PI < , where 


i_ convezity, close-to-co g yexitv nroblpin . 

00 

y a 

Vi >^Lh * (s^ (e))^, f(z) 

^>2,5,..., then f(2) is starlike of or^er g 


= 

I). 


-Cn+l-g) + /(n+l-3)2+(-c+i)j-f.^2g_i) 

■*• — }l/n 

c + 2e - 1 
if C + 20 - 1 V 0 , 

and 


^n+1 

result ^ sharp . 


L (j^)" if C + 26 - 1 = 0. 


jfewf* Since P(z) = z + a + a _■ • / / nx 

^ ^ ^ Vl ^ + V2 ^ + ... is in (S*(6))^, 

Re r I ( z ) -j 

p(z) ■'■ ^ z e D. Hence by leamia 2 there exists a function 

w(z) = z^ Hz) with |w(z)I< jz!" and regular for z e D, such that 

2^ f(2) - C f(t) dt 


( 5 . 3 . 1 ) 


2 F'(2} , 

F(z) 


/ tC-1 f(t)dt 
0 

1+ C26-l)w(z) 


l+wf 7 .^ 
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for z e D, Solving for f(z) we have 
(5.3.2) 


CC+ 1 ) - CC+2B-1) w(z) 

' “TrTTTT-^ 

(1 + V7(z)3 0 


Differentiating (5.3.2) logarithmically and then using ( 5 . 3 . 1 ) 
, zCC+2B-l)w'Cz) 

(5.3.5) iUfi = — zw»Cz) ^ l-*-(2g-l)wCz) 

"(z) CC+l)+(C+2B-l)w(z) l+w(z) 1+wCz) 


we obtain 


2 (1-3) zw’( 2 ) 


l+( 23 -l)w(z) 


(l+wCz))(C+l+(C+2B-l)w(z)) l+w(z) 


Therefore 


(5,3.4) 


zf’(z) 

f(z) 


3 = (1-3) 

l+w(z) (1+W(z)) (C+l+(C+23-l)w(z)) 


2 z w’ (z) 


But 


(5.3.5) 

And. 


Pe = 

l+w(z) 


1 - |w(z) p 
1 + w(z) P 


22 w’ (z) 

(5.3.6) Re {. } 

( l+w(z) ) (C+1+ (C+23-1) w( 2 ) ) 


2 |zl iw’(z)! 

< - ... 

~l(l+w(z))l j(C+l+(C+23-l)w(z))l 

2n |zP (l-lw(z)p) 

< 

" Cl-|zj^”)ICl+wCz))| |(C+l+(C+23-l)w(z))| 

The last inequality has been obtained by using (5,2.5), 
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Thus from (55.3.4) v/e note that f(z) is starlike of order B , if 

2n |zr Cl-|wC2)P) l_|t,C 23|2 

)lCl+w( 2 ))| I CC+1+ CC+2B-l)w(z)) I ~ |i + 

or 


( 5 . 3 . 7 ) 


in z 


in 




C+l + (C+2B-l)w(z) 


1 + V/Cz) 


CC+1) 


1 , (C+2B-1) , , 

J. + w(z) 


c+l 


Since |w(z) j £ j z|^ = r*^ < 1 and 


1 + w(z) 
< 1 4 we have 


( 5 . 3 . 8 ) 


1 + 


C+l 


1 + v/(z) 


■5 C+2 3“ 1 I I n 

1 + - 2 , 


1 C+l 


1 + I zj^ 


Hence, by (5.3*7) and (5*3.8) we obtain that f(z) is in (S*(3))^ if, 
2ii|zi’^ C+l + (C+23-l)|z|^ 


~ 1 + |zl” 


or 


2nizj^ 

( 5 . 3 . 9 ) < CC+1) + (C+23-1) Izp 

1 - Izi’^ " 


From ( 5 . 3 . 9 ) we have 


Cl+C) - 2Cn+l-3) lz(” - (C+23-1) |zp^ > 0 


let 
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(5.3.10) PCr) H (l+C) - 2Cn+l-S) r"" - (0+20-1) 

Hius f(z) will be starlike of order 3 for j z| < r°j where r° is 
the least positive root of the polynomial (5.3.10) given by 
-Cn+l-g) + /(n+l-3) 2 + (C+1) (0+23-1) 

J.0 _ ^ 

” C+23-1 


To see that the result is sharp for each C and n, consider the function 


i’(z) =. 




e (P*(3))jji0 _< '3 < 1. For this function, we have 


f (z) = [■ 

1+0 


0+1 


(l_ 2 n) (2/n) (1-3) 


■}' 


1 z(l+C) - (0+23-1) ^ 

— r 

C+1 ■■ (i_zn) (2/n)(l-3)+l 


By direct computation we obtain 


zf» (z) 
f(z) 


3 = (1-3) I- 


(C+l)+2(n+i-3) z^ - (0+23-1) 


(1-z^) (0+1- (C+23-1) z’^) 


Ihus 


zf'(z) 

-3 = 0 for z = - (r^) 


Hence f(z) is not starlike in any circle ] zj < r if r > r 


n 


ITheorem 2. Let H(z) = z + ^ ^ L h he in (0(3))^^, 


k=n 


f(z) =':f^ [z^ I'(z)]', 0 = 1,2,3, ... , then f(z) is convex 
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of order p for \z\ < r°, where 

I I 

-(n+1-3) + z^+l-ro ^ + CC+1) CC+2e-l) , , 

{ ^}l/n 

C + 20-1 

if C + 2g-l ^ Of 
arid 

1 

JU 

( 1 )” if C + 20-1 = 0 
n+1 

This restilt is sharp . 

If-oof « We have 

(l+C) f'(z) = (1+c) I'{z) + z P"(z) 



or 


(l4C)He + 

Since pCz) e (c(6)) > Re {1 + ? for z e D, therefore it is 


easy to verify that 


Re { i - Tr4 >> 3 for ZED. 

I'{z) 

Hence f(z) is close-to-convez functions of order 0 with respect 
to P(z) in D. 

To shov/ that f(z) is convex of order 0 for |z| < r° we have 
z f'(z) = (zRUz))]' 

Since rCz) e (g(0))^, z T”(z) e (s^(0))j^; hence zf’(z) is starlike 
of order 0 for jz| < r° by theorem 1. Therefore f(z) is convex 



of order 3 for jz 


< r.. 


'n 


To sbDV/ that the resiilt is sharp for each C and n, consider the 
function 

do 


FCz) = / 


0 (1-^5) 


£ CC(p))n 


^ — n ^ Wn) f T -b) - 


ibr this function 


fcz) = J- rzc 

IH-C " I (2/n) (1-0) 


■]’ 


1+C '■(i«zn) t2/-n) (1-3) ^ [ 


da 


0 (i-a^)C2/n) (1-0)- 


By direct computation we obtain 


1 -f 


, (H-C)+2(n+l-0) z‘^ - (C+20-l)z^" 

- B = (l-B) [— 

f’Cz) (l-z^)rC+l-(C+2B-l) 


Thus 


1 + 


zf'’(z) 

1 FI 7 J 


n ^ ^ 

0=0 for z 


o \n 




j 


hence f(z) is not convex of order 0 for any circle |^| < r, 
0 

if r > r , 
n 


^ T -t 

Theorem 3* list ■p(z) = z + ^ \+l^ ^ ^ ^ L ^ — — (^(“j 

lc=ii 

f(z) = z [z ^(z)]^ C = 1,2,3,#..y then f(z) close-to -convex 
of order a and type p. for jz| < whare 



o 

n 


6f 

-(n+l-S) + /7n+l-P)2 + (C+l)(C+2iVl) , , 

{ — 

c+ 2 e-i 

if C + 2£3-l 4 0^ 
and 


]_ 

(Jy)" if C + 2r> - 1 = 0 
*- n+1 

!Ehis resiilt is sharp . 

Rx>of . Since P(z) e (K(ct,'3))^, therefore there exists a function 
G(z) 2 (S*(3))^ such that for z e D 


iiirther j 


Re { 

since 


zF’(z 

"irtr 

G-(z) e 


> a and He > 0 . 

(s*(0))^, from theorem 1, we have 


Re [3 for jzj < r° , 


where 


Therefore 


(5.3.11) 


Let 


g(z) = vile {z^ G(z)]' 


fCz) - c r fCt) 

zF< (z) ^ 0 

S(d ■ I- ,C-1 a, 

0 


P(z), where P(z) is regular, P(o) = 1 
and Re {P(z)} > a for z e D. 


Thus from (5.3.11) we have 
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(5.3.12) fCz) = C f(t) t^-1 dt + P(z) gCt) dt. 

0 0 

Differentiating (5.3.12) with respect to z and then deviding by g(z) 
throughout,^ we obtain 

^l-C |Z ^C-1 

P(z) + P’Cz) 

g(z) gCz) 


Therefore 


(5.3.13) 


Re {iilM 

gCz) 


^UCjz t--^g(t)d- 


- a} > Re {PCz) - a} - IP'Cz) 


But 


(5.3.14) 


1 hC-1 


gCz) 0 


/ g(t) dt = 


G(z) 


C GCz) + z G’(z} 


Since g(z) e (S-'^(P ))^ we baye 


(5 ^ -IK) - 1±.(2.P.. -1 )w(2) , 

H-w(z) 


Therefore we have 


g(z) 


(5.3.16) {C + 


zG*(z)^ -l _ {r + 
GCz) 


l+(20-l)wCz) ^ 

_ 

l+w(z) 


C+1 + (C+2P-1) wCz) 
1 + wCz) 


Thus using (5.3.16) in (5.3*13) we obtain 

I 
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(5.3.12) f(z) = C f(t) dt + P(z) gCt) dt. 

0 0 


Differentiating (5.3.12) with respect to z and then deriding by g(z) 
throughout^ we obtain 


,1-c jz ^c-1 ^(,3 

0 


PCz) + p'Cz) 

g(z) 


gCz) 


Therefore 


(5.3.13) 


^l-C/z t^“^gCt)d- 

Re - c) > Re {P(z) - a} - IP’Cz) 1 I — ° 

gCz) “ 


g(z) 


But 


(5.3.14) 


(5.3.15) 


1 

r get) 

Z^ gCz) 

0 

(s-KO)^ 

we have 

zG'(z) 

1+(2C-1 )w(z) 

G(z) 

1+w(z) 


GCz) 


C GCz) + z G’Cz) 


Therefore T/e have 


l+C23-l)wCz) 


(5.3.16) CC + = {C + 

GCz) 1+wCz) 


-} 


-1 


C+1 + CC+23-1) vfCz) 


-1 


1 + wCz) 


Thus using (5.3.16) in (5.3.13) we obtain 
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( 5 . 3 . 12 ) f(z) = C f(t) t^-l dt + P(z) get) dt. 

0 0 

Differentiating (5*3.12) with respect to z and then deviding by g(z) 
thro'ughout_, we obtain 

z£’(z) 


gCt) dt 

0 


gCz) 


= P(z) + P»Cz) 


gCz) 


Therefore 


(5.3.13) 


Re { 3i . ! Cz) - Cl} > Re {P(z) - a} - Ip’Cz)! 

gCz) - ' " ' 


^UCjz tC-lg(t)d 


gCz) 


But 


(5.3.14) 


1 

z^ g(z) 


tC-1 

0 


gCt) dt = 


G(z) 

C GCz) + z G’(z) 


Since g(z) e (s*(p ))^ we have 


zQ'iz) ^ 1+(2!3-1 )w(z) 
G( z ) 1 +w( z ) 


Therefore we have 


( 5 . 3 . 16 ) {C + 


= ec . 

G(z) 


l+C 23 -i)wCz) ^ 

}-l = 

l+w(z) 


C +1 + CC+ 23 - 1 ) \?(z) 
1 + wCz) 


Thus using (5*3.16) in (5.3*13) we obtain 
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(5.3.17) 


rZ-P* fz) 

^ * |zP’(2)| 


1 + w(z) 


C+l+(C+20-.l)v/Cz) 


-!] 


^ Re {P(z) - a}{i _ 


2n|zj^(l+|z|^) 


(i-!z|2")(c+i+(c+2a-i) !z|^ 


-} 


= Re {P(z) - a} {• 


(C+1) - 2Cn+l-(=) |z|^ - (C+22-l)lzj" 


Cl-UI") (C+1+ (C+2,G-1) [z|n 


The last inequality has been obtained by using lemma 5 and (5.3.8) 

therefore f(z) e (K(a,P)) , if |zi < r° 

n ' ' n 

To show that the result is sharp, consider f(z) = G(z) 
z 

' e (s»(B))^, therefore to CK(ti,3)) , where a =.S . 

(l-e”)(2/h)CI-n) 

aeora4. let F(o) = t t J Vi 1 1 > be regular and have 

the property Re {P'(z)} > ^ z e D,' fCz) =~ z‘’“^ [z° p(z)]t , 

C = 1,2,3,... then Re {f (2)}> 3 for jzj < r^ , viiere 


n 


= {■ 


-n + \/n^ + (C+1) 2 


C+1 


4 


l/n 


This result is sharp . 

.^oof. let P'(z) = P(z), vdaere P(o) = 1 , and Re {P(z)}> 3 for z e D. 

Haen we have 

(1^) f'(z) = Z P"(z) + (l+c) P’Cz) = z P'(z) + (l+c) p(z). 

Therefore 
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(5.3.18) (l+C) Re (f '(z) - e) 


> (1+C) Re {P(z) - p} - 

1 Re {P(z) - 3} {1 + C - 

, , fl-C)-2n 

= Re{P(z)~0} I 

1 • 


iz P"(z)| 

2n jz , 

i I! 2“ ^ 

1- jzj 

- (C4-1)|z|2“ 


-] 


Phe last inequality has been obtained by using leinma 5. 

Therefore Re f '(z)> 3 for |z| < r^ , where r^ is the least 
positive iX)ot of the polynomial 


( 5 . 3 . 19 ) (1+G) - 2n r“ - (l+c) r^'^ = 0. 

To show that the res\iLt is sharp, consider 

l-(23-l) a" 

FCz) = do 

0 l-o” 

It is clear that Re {P’(z)) > 3 . 

Therefore 


#(z) = i 


I" r 

0 


l-(2C-l)a^ 


l-h 


,r. 


da]’ = r- 
1+C '■ 


z(l-(23-l)z’ 


n 


1-2^ 


n 


l-(23-l)a^ 

+ Q J ^ 

0 1-a” 


direct computation, we have 
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, ^ (l+C) + 2n - (C+1) 

£’ (z) ~ (i = ^ [— .] 

l+C 


Thus 


f '(z) -3 = 0 for 


(r^)^, hence Ee {f'(z)} ^ 3 


in any circle |zj < r, if r > r^ 


5.4 Some radius of starlikeness problems . 

Theorem 5. Let f(z) and g.(z) be in -A^and Re > o for z e D, 

s(z) 

CO 

where s(z) = z + I b n > 1 , is starlike of order o, in D. 

, JKr 1 ■““ ,1- ' — — 

k=n 

If Re { ■ — Csl } > 0 in D, then f(z) is urii valent and starlike in 
jzj < r^(a )5 where 


Tj^Cct) = -f " ■ - - - 

2n+l-a+ /(a^-4an + 4n + 4n^) 


il/n 


This result is sharp . 

Proof : Clearly f(z) = s(z) h(z) k(z), where h(z) and k(z) satisfy 
the conditions of lemma 1. 


Therefore 


zf * ( z ) _ zh ' ( z ) zk'(z) , zs’(z) 

f(z) " h(z) k(z) s(z) 


(5.4.1 ) 


Ee 


> 

f(z) “ 


4n|zl 

1-|z! 


n 


2n 


+ Re {■ 


zs'(z)- i 
s(z) ^ 
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Since Re {— ) } > a , by lemnia 2 we have 


i(z) 


(5.4.2) 


zs ' ( z ) _ 1 + (2a -1 ) oj( z) 
s(z) 1 + aj(’z) 


Hence by lemma 3, we hWe 


( 5 . 4 . 3 ) Ee . IV ( 2 - -'1)14° . 

sUi - 


1 + z 


,n 


Again, using (5.4*3) in (5.4.1 ) 


(5.4.4) Ea {444^} > - ^ b l, *" . 




2n ' , ,n 

1 + z 


-4n jz 1*^ + 1 + (2a -1 ) jz|^ - Iz {^ - (2a -1 ) jz]^^ 


1 - z 


i2n 


1 - (4n + 2 - 2 a ) iz - (2a -1 ) i z 


1 - Iz 


,2n 


It follows from ( 5 . 4 . 4 ) that f(z) is univalent and starlike for 


zj < r^(a), where ^^(“) is as stated in the theorem. 


Let s(z) = 


(■^) 


> g(z) = 


z ( 1 +z ^ ) 


/ n+2-2a \ 

\ V-5 / 


and f(z) = 


(1 - z ) 

n^2 


(1-z^) 




/2n+2-2ai 
V n ^ 


, then conditions of the theorem are satisfies 


(l-z“) 


n 
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1 + (4n 4 - 2 - 2a) z - (2a -1 ) 


} - z 

Thus ‘ "^ ' r^ ' J^ ' = 0 ^0^ z = - therefore f(z) is not univalent in 


any circle jz | < r, if r > r (a). 


Theorem 6 ; Jjet f(s) and g(z) ^ and Re q for 

z e D. ~ ^ tor z e D, then f(z) star like and 

univalent for |z| < r^, where 


\l9n + 4n+4 - 3a 1/n 

r ={ } 

2(n+l) 


This result is 


Proof : let - 1 =h(z). Die hypothesis of the theorem implies 

that h(z) is analytic for z e D, h{0) = 0 and ]h(z)i < 1 for z e D. 
We can write h(z) = z^ <f)(z) where <t>(z) is analytic and 1 '}>(z)l £ 1 
for z e D. 


Therefore, we get 


t(z) = g(z) (l + z^ 4(z)) 


The logarithmic diff, of f(z) thus yields. 


(5.4.5) 


Zf H Z ; 
f(z) 



z^'*’^ 4>*(z) + z^ 4(z) 


1 + z 4*(z) 
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Let p(a) = 

z 


where , p(z) satisfies the conditions of 


lemma 1 . Also 



1 + 


..gP’if..} 

p(z) 


Therefore 


(5.4.6) Re } > 1 _ 

g(z) - 


2n Izl 


1 - Iz 


t2n 


Let a)(z) = 4(z) j then we have 


^'(z) + 4(z) _ zto* ( z) 

1 + z^ ^(z) 1 + m(z) 


But 


(5.4.7) 


,za)’(z) ,zm'(z). 


ni^r (1 - uu)n 


d-hf"') {1-|»(^)|) 


n z 


.n 


- ■ iti 

1“|z 


The last ineqmlity has been obtained by using (5.2.5) 


Thus from (5.4.5 )? we obtain. 
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Re > 1 - 

£Cz) - 


2n z 


n z 


i-Ut^n i_U|^ 


1 - z 2^^ . 2n z " - nUr - nizpi^ 


1 - z 


[2n 


1 - 3n| z|^ - (n+1) ] z 


2n 


1 - z 


2n 


iEhus for |z I < r^, where r^ is as stated in the theorem, f(z) is 
loni valent and star like. 


fo show that the result is best possible, we consider 


) = ^ sU) = d l.. t . p . 


f(: 


1 - z 


1 - z 


It is easy to see that conditions of the theorem are satisfied, but f(r' 
ceases to be univalent in any circle |z[ < r, if r > r^» 

Theorem 7 s let f (z) ^ ^ and g(z) be in S^(ct). If 

He { - " ■)--■ ( } > 0 for z e D, then f(z) is starlike and univalent for 
g(z) ’ 

jzj < r’(d), where 


r’ (a) = {- 
n 


/a^ - 2n a + n^+2n - (n+l-a) 


-> 


1/n 


C2a-1) 


if a — and 


(i ) = 


n " 2 


( 9^^, if a 

^ 2n+1 ' 


1_ 

2 
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Mils result is sharp * 


• I'®'*' ii(z) = j ^ where h(z) satisfies the conditions of 

lanma 1 , then 


zfHz) _ zhHz) ^ mILsI 
f(z) h(z) f(z) 

Using ( 5 * 4 . 3 ) and lemma 1 ,we obtain 

Re ^ l^r 

fCz) -l+lzT' “1 -Izl^n 

-(2a-.l) - (2n+2-2a) + 1 


(Ehus for |z I < ^^(“)f where is as stated in the theorem, 

f(z) is starlike and univalent* To show that the result is sharp 
consider 


f(z) = 


1+2 


n 


and g( z ) = 




n+2-2 aN 

n 


(l-f)^ n ^ 


One can easily check that f(z) satisfies the conditions of the 
theorem but f(z) is not univalent in any circle |z | < r, if 
r > r^{a), 

V-fc ' / 


n 


**1 

Theorem 8. let f(z) be in A^and g( 

k=n 

starlike of order a in U. If 1 i 1? 'tiien f(z) is 


gu 


starlike and univalent for jzj < where n°(a) is given by 
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/4a^ - 4oiii + + 8n - {n+2-2a} 

r°(a) = }!/" 


2(n + 2a - 1) 


If a / 0 


/n^ + 8n - (n+2) 

= { }1/B 

2Cn-l) 


a = 0 and n / 1. 


This result is sharp . 

Proof . Let h(z) = where h(o) = 0 and jh(z)| < 1 in D 

therefore by Schwarz’s lemma we have h(z)=z <t>(z), where (J(z) is 
regular and | (fi( z ) | < 1 for z ^ D. Thus 

f(z) = g( 2 ) (l + ^ ^(z)). 


Therefore 


(5.4.8) 


zf ' ( z ) _ zg ' ( z ) 
f(z) g(z) 


+ z^Czd'Cz) + d(z)) 
1 + z^ iliCz) 


Using ( 5 . 4 . 3 ) and (5.4.7) in (5.4.8) we obtain 


Re > 

f(z) 


1 + C2a-1) I zP n I z 


1 + z 


1 - z 


in 


l+C2a-l)iz|^ -l^!^ -C2a-1) j zp’^-nlz]’^ - nlzp^^ 
1 - jzpn 

1 - Cn + 2 - 2a) jzj^ - Cn+2a-l) 
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Thus for jz| < r°(«), where is same as stated in the theorem, 

f(z) is starlike and univalent. To show that the result is sharp, 
consider 


f(z) = 






^ n ^ 


and g(z) = 


d-s'" ) 


(^) 


n 


Thus conditions of the theorem are satisfied and 


zfKz) 1 (n+2 - 2a) z'^ - (n + 2a -1 ) 

Thiis f(z) is not univalent in any circle |z| < r, if r > r° («). 


5.5 Some radius of convexity problems ’• 

Theorem 9- Let f(z) and g(z) and Re (g'(z)) > 0 

in D. Re (f '(z)/g'(z) > 0 ^ D, then f(z) is convex and 

mi valent for ]zj < r^, vAiere , 


= ( /C4n^+1) - 2n ) 

This result is sharp . 

Proof . let = 1 ^( 2 )? where h(z) 

lemma 1 , 

Thus 


1/n 


satisfies the conditions of 


( 5 . 5 . 1 ) f’(z) = h(z) g'(z) 


The logarithmic diff. of (5.5.1 ) yields 
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f»(z) ^ h'(z) , g"(z) 
f'(z) h(z) g’(z) 


(5 5 2) 1 + SSUhl _ , zg' 'l,z} + 1 

f’(z) ~ h(z) g'(z) 


Us±Qg lemma 1 in (5.5.2), we obtain 

z £*'(z) 2n|z|^ 2n |z|” 

Re (1 + •) >1 — 

f'(z) " l-|z|2n l-|z|2n 

1 - 4nlzr 

1 - |z 


Therefore for lz| < r^, where r^ is as stated in the theorem, 
f( 2 ) is convex and univalent. 

To show that the result is sharp, consider 


f(^) = 

0 1-s 

1 ^ 

and g(z) = )ds. It is easy to verify that the conditions 

0 1-s 

of the theorem are satisfied, but 


1 + 


zf”(z) 

f'(z) 


n 


1 + 


2n 2 


n 


2n z 


Uz^ 1 - ^ 


. ^ n 2n 
1+4n z - z 


1 - z' 


2n 


= 0 


at z^ = - ( /4n^+1 - 2n) 
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Therefore f(z) is not convex and univalent in any circle jz| < r, 

if r > r . 

n 

Theorem 10» Let f(z) and g(z) ^ and g(z) is starlilce 

for z e D. ^ Ee ( f'(z)/g'(z)) > 0 D, then f(z) is convex 

and univalent for (z| < r^ , where r^ = ((2n+l) - (2n+1 )^- 1 . 

This result is sharp . 

Ihoof « Let f’(z)/g'(z) = ti(z), v/here h(z) satisfies the conditions 
of lemma 1 « 

ThiAS 

f ’(z) = ii(z) g'(z) 

The logarithmic diff. of f(z) yields 


£'’(z) ^ h'(z) ^ g»(z) 
f’(z) h(z) g'(z) 


or 


(5.5.3) 


1 

f’(z) 


■1 , z h'(z) zg”(z) 
h(z) g'(z) 


As g(z) is starlit e in D therefore 


z g'(z) 
g(z) 


1 -• w( z ) 
1 + w(z) 


follows from lemma 2 



!Ehus 


Therefore 


g"(z) 2zw'(z) ^ 1-w(z) 

j(z) 1-(w(z))^ 1 + wCz) 


(5.5.4) Re (1 + > 

g’ (z) 


1 - 2(n+l) |z|” + \z\^^ 


1 - U 


The last result has been obtained by using the lemma 4 and the 
fact that 


( ^ ^ ^ ~ w( z ) I 

1 + w(z) il+ w(z) 


Using ( 5 . 5 . 4 ) and lemma 1 in (5.5.3) we obtain 


„ -2njzl 1 - 2(n+l)|z|^ + \z\^^ 

Re (1 + > + 

f’Cz)'' - i-lzpn 1 - izpn 


1 - 2(2n+l) |z|” + jzp^ 


Therefore for IzI < r* , where r' is same as stated in the theorem, 
> ' n ' n ' 

f(z) is convex and univalent. To show that the result is sharp, 
consider 


^2)= / 


2 (l-tg^ 


0 (l-s‘^) 


nN(2+2n)/n 


and g(z) = 


(1-2 ) 


n ^2/n 



It is easy to checi; that conditions of the theorem are satisfies, 
but 


1 + 

f'(z) 


1 + 2(2n+1 ) 


1 


2xx 

z 


n 2n 
z + z 


= 0 


at z = - r’ « 
n 

therefore f(z) ceases to be convex and mi valent in any circle 
|zj < r, if r > r^ . 

Iheorem 11. let f(z) ^ and g(z) 

If Re (f '(z)/g'(z)) > 0 m 1, then f(z) is convex and mivalent 
for |zj < r^(a), where 

r~ ^ 5 

/a'^-.2na + + 2n - (n+1 - a) , 

r (a) = C- 

2a - 1 

if a ^ 1/2, 

rjV2) = (l/(2n+1 if a = l/2 . 

Ihis result is sharp . 


Proof. Prom theorem 9 we have 


and 


f*(z) = h(z) g'(z) 


1 +. 2 ^^ . 1 + 

'(z) h(z) 


(5.5.5) 


z g"(z) 
g'(z) 
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Since g(z) e C^( ct) therefore 


1 ^ M-' ls.) = 1 + (2 k -1 ) w(z) 

g'(z) 1 + w(z) 


Thus 


(5.5.6) 


zg''(z) 1 + (2a-l)|z 

Re (1 + •) > 


m 


g’ (z) 


1 + z 


m 


follov/s from lemma 5* 


Using (5.5.6) and lemma 1 in (5.5.5), we obtain 

zf"(z) 1 + C2a-l)lzl" 2n jz^ 

Re (1 + ) > — 


f'(z) ” 1 + UP 

1 - C2n - 2a + 2)|zP - C2a-l)lzi2n 

1 - UP’" 

Therefore for Iz] < r (ot), where r (ct) is as stated in the 
theorem, f(s) is convex and imi valent. To show that the result 

is sharp, consider 


f(z) = / 


1 + s 


n 


0 (1 - s”) Cn+2-2a)/n 


ds, gCz) = / 


z 1 


0 (2“2°^)/n 


. d$ 


It is easy to check that conditions of the theorem are satisfied, 
but 


. 1 + (2n - 2a + 2) z" - (2a - 1) z^n 

3 + SS 3- Q 


(z) 


1 - z 


2n 


at 


n 


z“ = - r^Ca). 
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Therefore f(z) can not be convex and univalent in any circle 
jz j < r, if r > r^(a). 

Theorem 12, let f(z) = z + 1 L "I be starlike 

k=n 

in D. ^ |zf'(z)/f(z) 1 1 < 1 j then f(z) is convex and 

univalent for ] z [ < r ” , where 

_ ( (2+n) - i/n^+a T/n 
n 2 ' ‘ 

This result is sharp * 

Proof * Let (z t'{z)/±{z) - l) = h(z), where h(z) is regular 
and jh(z)i <1 in D, and h(o) = 0* Therefore h(z) = z^ (|)(z) 
vdiere ^(z) is regular in D* Schwarz's lemma enable us to 
state that 1 <J)(z) 1 1 in D* Therefore 

( 5 * 5 * 7 ) ^ — 'I = 1 + 2 ^ = 1 + w(z) 

fCz) 

The logarithmic diff. of (-5.5,7 ) yields 

zf''(z) zvy'(z) 

( 5.5 ,8) 1 + = 1 + ?/(z) + 

f ' ( z ) 1 +w( z ) 

Therefore 

(5.5.9) Re (1 + > 1 

f'(z)^ - 

1 




S7 


The iiieqir.ili cy (S.S 
Therefore- for \z\ 
f(z) is convex and 


. 3 } has been obtained by using lema 4. 

< where is as stated in the theorem, 
imivalont. 5b show that the result is sharp, 


consider 



It is easy to check that conditions of the 


theorem arc satisfied, but 


1 -f 


zf''(z) 


1 -i- (n-f2) 


n 2n 
z + z 


1 


n 


+ z 


= 0 


4 . ^ 1 . 

at z = - r" . 

n 


!Hius f(s) fails to be convex and univalent in any circle |z| < r, 

if r > r" . 
n 


Note: Results of this section are to apear [2] . 
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